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Introduction 

Rough set theory is a new mathematical approach to imperfect knowledge.  

The problem of imperfect knowledge has been tackled for a long time by philosophers, 
logicians and mathematicians. Recently it became also a crucial issue for computer 
scientists, particularly in the area of Artificial Intelligence. There are many approaches to 
the problem of how to understand and manipulate imperfect knowledge. The most 
successful approach is based on the fuzzy set notion proposed by L. Zadeh in the article 
Fuzzy sets, Information and Control, 8, 338-353, 1965. 

Rough set theory proposed by Z. Pawlak in [1] presents still another attempt to this 
problem. The theory has attracted attention of many researchers and practitioners all over 
the world, who contributed essentially to its development and applications. 

Rough set theory has a close connections with many other theories. Some of them, we 
will discuss here. Despite of its connections with other theories, the rough set theory may 
be considered as own independent discipline.  

Rough sets have been proposed for a very wide variety of applications. In particular, 
the rough set approach seems to be important for Artificial Intelligence and cognitive 
sciences, especially in machine learning, knowledge discovery, data mining, expert 
systems, approximate reasoning and pattern recognition.  

The main advantages of the rough set approach are as follows:  

• It does not need any preliminary or additional information about data − like 
probability in statistics, grade of membership in the fuzzy set theory.  

• It provides efficient methods, algorithms and tools for finding hidden patterns in 
data.  

• It allows to reduce original data, i.e. to find minimal sets of data with the same 
knowledge as in the original data.  

• It allows to evaluate the significance of data.  
• It allows to generate in automatic way the sets of decision rules from data.  
• It is easy to understand.  
• It offers straightforward interpretation of obtained results.  
• It is suited for concurrent (parallel/distributed) processing.  
• It is easy internet access to the rich literature about the rough set theory, its 

extensions as well as interesting applications, e.g. http://www.rsds.wsiz.rzeszow.pl 
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The first, pioneering paper on rough sets, written by Zdzisław Pawlak1, was published  
by International Journal of Computer and Information Sciences in 1982.  

From 1982 to 1990, the Warsaw Research Group at the Polish Academy of Sciences 
and Warsaw University of Technology was most active in conducting rough set related 
works, and produced many reports and theses on rough sets. In September 1992, there was 
the first international workshop on rough sets in Poznań, Poland, together with conference 
proceedings has been organized [18]. The selected papers from this conference were 
published in Intelligent Decision Support--Handbook of Applications and Advances of the 
Rough Sets Theory by Kluwer Academic Publishers in 1992. Most of the rough set related 
papers written in English before 1990 are listed in the annotated bibliography of the first 
book [2] on rough sets. More recent papers up until 1998 and those works done in Poland, 
North America, Asia and other European countries are annotated in the appendix 1 of 
another book [12]. In [12] there is also short information about the software systems 
relating to rough sets. The first tutorial article [45] provides a complemental, easy-to-read 
introduction to rough sets.  

Since the early-1990's, many people has been very active in organizing workshops and 
publishing conference proceedings on rough sets [18]-[30]. The distribution of the 
proceedings of these workshops is limited to mostly the workshop participants. The first 
International Conference on Rough Sets and Current Trends in Computing  was held in 
1998 at Warsaw, Poland [31]. Since then, this series of conferences has been held every 
two years at different locations in Europe and North America: 1998, Warsaw, Poland; 
2000, Banff, Canada; 2002, Malvern, USA; 2004, Uppsala, Sweden. The selected papers 
from these conferences and other articles have been published by Springer-Verlag as the 
series of Lecture Notes in Artificial Intelligence [31]-[34]. In April 2004, the first volume 
of a new LNCS journal subline � Transactions on Rough Sets published by Springer-
Verlag was appeared [52]. The journal includes high-quality research articles, dissertations, 
monographs and extended and revised versions of selected papers from conferences. A 
good source of information about the most recent rough set literature mostly with short 
abstracts provides the Rough Set Database System [46-47]. This database contains over 
1700 entries published from 1982 to 2004. Since 1996 the International Rough Set Society 
publishes own bulletin including important and current information for the rough set 
community [48-51].  

In October 2003, another series of international conferences was initiated. This series is 
a continuation of international workshops devoted to the subject of rough sets, held in 
Canada, China, Japan, Poland, Sweden and the USA. It achieved a status of bi-annual 
international conference, starting from the year of 2003, in Chongqing, China. The 
conference encompasses rough sets, fuzzy sets, granular computing as well as knowledge 
discovery and data mining. The second conference of this series is to be held in Regina, 
Canada, in September 2005; the third is planned in Japan in 2007. The proceedings of the 
first conference [35] are available from the Springer-Verlag in Berlin, Germany. Most 
rough set research groups have their own software packages and tools to assist the analysis, 
and/or simulation of various applications. The short information on software systems based 
on rough sets are annotated in the Appendix 2 of the book [12].   

The rest of the tutorial paper is organized as follows. Section 1 provides a general 
formulation of basic concepts of rough sets. In Section 2, the basic concepts of rough set 

                                                 
1 Zdzisław Pawlak (1926-) � Polish mathematician and computer scientist, a professor of the Polish Academy of 
Sciences and Warsaw University of Technology.  
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theory in terms of data are presented. Section 3 discusses some relationships between rough 
sets and concurrency.  

This paper is a draft version of a tutorial delivered at the 1st International Computer 
Engineering Conference on New Technologies for the Information Society organized by 
the Cairo University in December 2004.   
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1. Basic Concepts of Rough Sets 

1.1 Approximation Spaces and Set Approximations 
 

Rough set theory [1] proposes a new mathematical approach to imperfect knowledge, i.e. to 
vagueness (or imprecision). In this approach, vagueness is expressed by a boundary region of 
a set.  

Rough set concept can be defined by means of topological operations, interior and closure, 
called approximations. 

Now, we describe this problem more precisely. Let a finite set of objects U and a binary 
relation R ⊆  U × U be given. The sets U, R are called the universe and an indiscernibility 
relation, respectively. The discernibility relation represents our lack of knowledge about 
elements of U. For simplicity, we assume that R is an equivalence relation. A pair (U,R) is 
called an approximation space, where U is the universe and R is an equivalence relation on U.  

Let X be a subset of U, i.e. X ⊆  U. Our goal is to characterize the set X with respect to R.  
In order to do it, we need additional notation and basic concepts of rough set theory which 

are presented below. 

By R(x) we denote the equivalence class of R determined by element x. The indiscernibility 
relation R describes - in a sense  - our lack of knowledge about the universe U. Equivalence 
classes of the relation R, called granules, represent an elementary portion of knowledge we 
are able to perceive due to R. Using only the indiscernibility relation, in general, we are not 
able to observe individual objects from U but only the accessible granules of knowledge 
described by this relation. 

•  The set of all objects which can be with certainty classified as members of X with respect 
to R is called the R-lower approximation of a set X with respect to R, and denoted by 

( )XR* , i.e.  

( ) })(:{* XxRxXR ⊆= . 

•  The set of all objects which can be only classified as possible members of  X with respect 
to R is called the R-upper approximation of a set X with respect to R, and denoted by 

( )XR* , i.e.  

( ) })(:{* ∅≠∩= XxRxXR . 

•  The set of all objects which can be decisively classified neither as members of X nor as 
members of - X with respect to R is called the boundary region of a set X with respect 
to R, and denoted by ( )XRNR , i.e.  

( ) ( ) ( )XRXRXRN R *
* −= . 

Now we are ready to formulate the definition of the rough set notion. 

•  A set X is called crisp (exact) with respect to R if and only if the boundary region of X is 
empty. 
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•  A set X is called rough (inexact) with respect to R if and only if the boundary region of X 
is nonempty. 

The definitions of set approximations presented above can be expressed in terms of 
granules of knowledge in the following way. The lower approximation of a set is union of all 
granules which are entirely included in the set; the upper approximation − is union of all 
granules which have non-empty intersection with the set; the boundary region of a set is the 
difference between the upper and the lower approximation of the set.  

Figure 1 presents the graphical illustration of the set approximations defined above.  

 

 
 

       

       

       

       

       

       

 

 

 

 

Fig. 1 

It is interesting to compare definitions of classical sets, fuzzy sets and rough sets. Classical 
set is a primitive notion and is defined intuitively or axiomatically. Fuzzy sets are defined by 
employing the fuzzy membership function, which involves advanced mathematical structures, 
numbers and functions. Rough sets are defined by approximations. Thus this definition also 
requires advanced mathematical concepts.  

One can easily prove the following properties of approximations: 

1. )()( XRXXR ∗
∗ ⊆⊆  

2. UURUR RR ==∅=∅=∅ ∗
∗

∗
∗ )()(;)()(  

3. )()(( YRXRYXR ∗∗∗ ∪=∪  

4. )()()( YRXRYXR ∗∗∗ ∩=∩  

5. )()()( YRXRYXR ∗∗∗ ∪⊇∪  

Granules of knowledge The set of objects

The upper 
approximation 

The setThe lower 
approximation 
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6. )()()( YRXRYXR ∗∗∗ ∩⊆∩  

7. )()(&)()( YRXR  YRXRYX ∗∗
∗∗ ⊆⊆→⊆  

8. )()( XRXR ∗
∗ −=−  

9. )()( XRXR ∗
∗ −=−  

10. )()()( XRXRRXRR ∗∗
∗

∗∗ ==  

11. )()()( XRXRRXRR ∗∗
∗

∗∗ ==  

It is easily seen that the lower and the upper approximations of a set are, respectively the 
interior and closure of this set in the topology generated by the indiscernibility relation.  

One can define the following four basic classes of rough sets, i.e., four categories of 
vagueness: 

1. A set X  is roughly R-definable, iff ( ) ∅≠XR*  and ( ) UXR ≠* . 

2. A set X  is internally R-undefinable, iff ( ) ∅=XR*  and ( ) UXR ≠* . 

3. A set X  is externally R-undefinable, iff ( ) ∅≠XR* and ( ) UXR =* . 

4. A set X  is totally R-undefinable, iff ( ) ∅=XR* and ( ) UXR =* . 

The intuitive meaning of this classification is the following. 

A set X is roughly R-definable means that with respect to R we are able to decide for some 
elements of U  that they belong to X and for some elements of U that they belong to –X. 

A set X is internally R-undefinable means with respect to R we are able to decide for some 
elements of U that they belong to –X, but we are unable to decide for any element of U 
whether it belongs to X. 

A set X is externally R-undefinable means that with respect to R we are able to decide for 
some elements of U that they belong to X, but we are unable to decide for any element of U 
whether it belongs to –X. 

A set X is totally R-undefinable means that with respect to R we are unable to decide for 
any element of U whether it belongs to X or –X. 

A rough set X can be also characterized numerically by the following coefficient 

( ) ( )
( )XR
XR

XR *
*=α  

called the accuracy of approximation, where X  denotes the cardinality of φ≠X . 

Obviously ( ) .10 ≤≤ XRα  If ( ) 1=XRα then X is crisp with respect to R (X is precise  with 
respect to R), and otherwise, if ( ) 1<XRα , X is rough with respect to R (X is vague with 
respect to R). 

1.2 Rough Membership Function 

Rough sets can be also defined by using, instead of approximations, a rough membership 
function proposed in [2].  
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In classical set theory, either an element belongs to a set or it does not. The corresponding 
membership function is the characteristic function for the set, i.e. the function takes values 1 
and 0, respectively. In the case of rough sets, the notion of membership is different. The 
rough membership function quantifies the degree of relative overlap between the set X and the 
equivalence class R(x) to which x belongs. It is defined as follows: 

><→ 1,0:UR
Xµ  

where 

( ) ( )
( ) ||

||
xR

xRXxR
X

∩=µ  

and |X| denotes the cardinality of X. 

The rough membership function expresses conditional probability that x belongs to X given 
R and can be interpreted as a degree that x belongs to X in view of information about x 
expressed by R. 

The meaning of rough membership function can be depicted as shown in Fig.2. 

 
Fig. 2 

The rough membership function can be used to define approximations and the boundary 
region of a set, as shown below: 

( ) ( ){ }1: =∈=∗ xUxXR R
Xµ , 

( ) ( ){ }0: >∈=∗ xUxXR R
Xµ , 

( ) ( ){ }10: <<∈= xUxXRN R
XR µ . 

1)(0 << xR
Xµ

X 

X 

R(x) 

x 

R(x) 

 x

R(x)

 x

0)( =xR
Xµ

1)( =xR
Xµ
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It can be shown that the rough membership function has the following properties [2]: 

1. 1)( =xR
Xµ  iff )(* XRx ∈  

2. 0)( =xR
Xµ  iff )(* XRUx −∈  

3. 1)(0 << xR
Xµ  iff )(XRNx R∈  

4. )(1)( xx R
X

R
XU µµ −=−  for any x∈ U 

5. ≥∪ )(xR
YXµ  max ))(),(( xx R

Y
R
X µµ  for any x∈ U 

6. ≤∩ )(xR
YXµ  min ))(),(( xx R

Y
R
X µµ  for any x∈ U 

From the above properties it follows that the rough membership differs essentially from the 
fuzzy membership, for properties 5 and 6 show that the membership for union and 
intersection of sets, in general, cannot be computed � as in the case of fuzzy sets � from their 
constituents membership. Thus formally the rough membership is a generalization of the 
fuzzy membership. Besides, the rough membership function, in contrast to fuzzy membership 
function, has a probabilistic flavour.  

The formulae for the lower and upper set approximations can be generalized to some 

arbitrary level of precision 




∈ 1,

2
1π  by means of the rough membership function in the 

following way:  

( ) ( ){ }πµπ ≥∈= xUxXR R
X:*  

 
( ) ( ){ }πµπ −>∈= 1:* xUxXR R

X  
 

Note that the lower and upper approximations as originally formulated are obtained as a 
special case with 0.1=π . 

Approximations of concepts are constructed on the basis of background knowledge. 
Obviously, concepts are also related to unseen so far objects. Hence it is very useful to define 
parameterized approximations with parameters tuned in the searching process for 
approximations of concepts. This idea is crucial for construction of concept approximations 
using rough set methods. For more information about the parameterized approximation spaces 
the reader is referred to [3].  

Rough sets can thus approximately describe sets of patients, events, outcomes, etc. 
that may be otherwise difficult to circumscribe. 
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2. Rough Sets in Data Analysis 

In this section we define basic concepts of rough set theory in terms 
of data, in contrast to general formulation presented in Section 1. This 

is necessary if we want to apply rough sets in data analysis.  

2.1  Information Systems 

A data set is represented as a table, where each row represents a case, an event, a patient, 
or simply an object. Every column represents an attribute (a variable, an observation, a 
property, etc.) that can be measured for each object; the attribute may be also supplied by a 
human expert or the user. Such table is called an information system. Formally, an 
information system is a pair ),( AUS =  where U is a non-empty finite set of objects called the 
universe and A is a non-empty finite set of attributes such that aVUa →:  for every Α∈a . 
The set aV  is called the value set of a. 

Example 2.1. Let us consider a very simple information system shown in Table 1. The set 
of objects U consists of seven objects: 1x , 2x , 3x , 4x , 5x , 6x , 7x , and the set of attributes 
includes two attributes: Age and LEMS (Lower Extremity Motor Score).  

 

 Age LEMS 

1x  16-30 50 

2x  16-30 0 

3x  31-45 1-25 

4x  31-45 1-25 

5x  46-60 26-49 

6x  16-30 26-49 

7x  46-60 26-49 

Table 1 

One can easily notice that objects 3x  and 4x  as well as 5x  and 7x  have exactly the same 
values of attributes. The objects are (pairwise) indiscernible using the available attributes. 

In many applications there is an outcome of classification that is known. This a posteriori 
knowledge is expressed by one distinguished attribute called decision attribute; the process is 
known as supervised learning. Information systems of this kind are called decision systems. A 
decision system (a decision table) is any information system of the form { }( )dAUS ∪= , , 
where Ad ∉  is the decision attribute. The elements of A are called conditional attributes or 
simply conditions. The decision attribute may take several values though binary outcomes are 
rather frequent. 
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Example 2.2. Consider a decision system presented in Table 2. The table includes the 
same seven objects as in Example 2.1 and one decision attribute (Walk) with two values: Yes, 
No. 

 Age LEMS Walk 

1x  16-30 50 Yes 

2x  16-30 0 No 

3x  31-45 1-25 No 

4x  31-45 1-25 Yes 

5x  46-60 26-49 No 

6x  16-30 26-49 Yes 

7x  46-60 26-49 No 

Table 2 

One may again notice that cases 3x  cases 4x  as well as 5x  and 7x  still have exactly the 
same values of conditions, but the first pair has different value of the decision attribute while 
the second pair has the same value. 

2.2 Indiscernibility Relation  

A decision system expresses all the knowledge about the model. This table may be 
unnecessarily large in part because it is redundant in at least two ways. The same or 
indiscernible objects may be represented several times, or some of the attributes may be 
superfluous. We shall look into these issues now. 

Let ( )AUS ,=  be an information system, and AB ⊆ . A binary relation ( )BINDS  defined 
in the following way  

( ) ( ) ( ) ( ){ }'|', 2 xaxaBaUxxBINDS =∈∀∈=  

is called the B-indiscernibility relation. It is easy to see that ( )BINDS  is equivalence relation.  
If ( ) ( )BINDxx S∈', , then objects x and 'x  are indiscernible from each other by attributes from 
B. The equivalence classes of the B-indiscernibility relation are denoted [ ]Bx . The subscript S 
in the indiscernibility relation is usually omitted if it is clear which information system is 
meant. 

Some extensions of standard rough sets do not require from a relation to be transitive (see, 
for instance, [8]). Such a relation is called tolerance relation or similarity.  

Example 2.3.  In order to illustrate how a decision system from Table 2 defines an 
indiscernibility relation, we consider the following three non-empty subsets of the conditional 
attributes: { } ,Age { }LEMS  and { }LEMSAge, . 
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If we take into consideration the set { }LEMS  then objects 3x  and 4x  belong to the same 
equivalence class; they are indiscernible. From the same reason, 65 , xx and 7x belong to 
another indiscernibility class. The relation IND defines three partitions of the universe. 

{ }( ) { } { } { }{ }7543621 ,,,,,, xxxxxxxAgeIND = , 

{ }( ) { } { } { } { }{ }7654321 ,,,,,, xxxxxxxLEMSIND = , 

{ }( ) { } { } { } { } { }{ }6754321 ,,,,,,, xxxxxxxLEMSAgeIND = . 

2.3.  Set Approximation 

In this subsection, we define formally  the approximations of a set using the discernibility 
relation.  

Let ( )AUS ,=  be an information system and let AB ⊆ , and UX ⊆ . Now, we can 
approximate a set X using only the information contained in the set of attributes B by 
constructing the B-lower and B-upper approximations of X, denoted XB and XB  
respectively, where [ ]{ }XxxXB B ⊆= | and [ ]{ }φ≠∩= XxxXB B| . 

Analogously as in a general case, the objects in XB can be with certainly classified as 
members of X on the basis of knowledge in B, while the objects in XB  can be only classified 
as possible members of X on the basis of knowledge in B. The set ( ) XBXBXBN B −=  is 
called the B-boundary region of X, and thus consists of those objects that we cannot 
decisively classify into X  on the basis of knowledge in B. The set XBU −  is called the B-
outside region of X and consists of those objects which can be with certainly classified as do 
not belonging to X (on the basis of knowledge in B). A set is said to be rough (respectively 
crisp) if the boundary region is non-empty (respectively empty). 

 
  Example 2.4.  Let ( ){ }YesxWalkxX == : , as given by Table 2. In fact, the set X  

consists of three objects: 641 ,, xxx  . Now, we want to describe this set in terms of the set of  
conditional attributes A ={Age, LEMS}. Using the above definitions, we obtain the following 
approximations: the A-lower approximation { }61, xxXA = , the A-upper approximation 

{ }6431 ,,, xxxxXA = , the A-boundary region ( ) { }43 , xxXBNS = ,  and the A-outside region 

{ }752 ,, xxxXAU =− . It is easy to see that the set X  is rough since the boundary region is not 
empty. The graphical illustration of approximations of the set X  together with the equivalence 
classes contained in the corresponding approximations are shown in Fig. 3.  
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     {{x2},{x5,x7}} 
 
 
           {{x3,x4}} 
     
            Yes 
 
     {{x1},{x6}} 
 
 
                                                                                                      No 
 
 
 

Fig. 3 
 

One can easily the following properties of approximations: 

1. ( ) ( )XBXXB ⊆⊆  

2. ( ) ( ) ( ) UUBBB === ,φφφ  

3. ( ) ( ) ( )YBXBYXB ∪=∪  

4. ( ) ( ) ( )YBXBYXB ∩=∩  

5. YX ⊆  implies ( ) ( )YBXB ⊆  and ( ) ( )YBXB ⊆  

6. ( ) ( ) ( )YBXBYXB ∪⊇∪  

7. ( ) ( ) ( )YBXBYXB ∩⊆∩  

8. ( ) ( )XBXB −=−  

9. ( ) ( )XBXB −=−  

10. ( )( ) ( )( ) ( )XBXBBXBB ==  

11. ( )( ) ( )( ) ( )XBXBBXBB ==  

where �X denotes U – X. 
It is easily seen that the lower and the upper approximations of a set, are respectively, the 

interior and the closure of this set in the topology generated by the indiscernibility relation. 

One can define the following four basic classes of rough sets, i.e., four categories of 
vagueness: 

1. A set X is roughly B-definable, iff ( ) φ≠XB and ( ) UXB ≠ , 

2. A set  X is internally B-undefinable, iff ( ) φ=XB  and ( ) UXB ≠ , 
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3. A set  X is externally B-undefinable, iff ( ) φ≠XB  and ( ) UXB = , 

4. A set  X is totally B-undefinable, iff ( ) φ=XB  and ( ) UXB = . 

The intuitive meaning of this classification is the following. 

A set  X is roughly B-definable means that with the help of B we are able to decide for 
some elements of U that they belong to X and for some elements of U that they belong to –X. 

A set  X is internally B-undefinable means that using B we are able to decide for some 
elements of U that they belong to –X, but we are unable to decide for any element of U 
whether it belong to X. 

A set  X is externally B-undefinable means that using B we are able to decide for some 
elements of U that they belong to X, but we are unable to decide for any element of U whether 
it belongs to –X. 

A set  X is totally B-undefinable means that using B we are unable to decide for any 
element of U whether it belongs to X or –X. 

A rough set can be also characterized numerically by the following coefficient 

( ) ( )
( )XB

XB
XB =α  

called the accuracy of approximation, where X  denotes the cardinally of φ≠X . 

Obviously ( ) .10 ≤≤ XBα  If ( ) 1=XBα , X is crisp with respect to B (X is precise  with 
respect to B), and otherwise, if ( ) 1<XBα X is rough with respect to B (X is vague with 
respect to B). 

Example 2.5. Let us consider a decision system shown in Table 3 in order to explain the 
above definitions.  

 

Patient Headache Muscle-pain Temperature Flu 
p1 no yes high yes 
p2 yes no high yes 
p3 yes yes very high yes 
p4 no yes normal no 
p5 yes no high no 
p6 no yes very high yes 

Table 3 
 
Let ( ){ }YesxFluxX == : = { p1, p2, p3, p6} and the set of attributes B = {Headache, 

Muscle-pain, Temperature}. The set X is roughly B-definable, because ( )XB  
∅≠= }6,3,1{ ppp  and ( )XB Uppppp ≠= }6,5,3,2,1{ . For this case we get αB(X) = 3/5. It 

means that the set X can be characterized partially employing symptoms (attributes)  
Headache, Muscle-pain and Temperature. Taking only one symptom B = {Headache} we get 

( )XB ∅=  and ( )XB U= , which means that the set X is totally undefinable in terms of 
attribute Headache, i.e., this attribute is not characteristic for the set X whatsoever. However, 
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taking single attribute B = {Temperature} we get ( )XB }6,3{ pp=  and ( )XB  
}6,5,3,2,1{ ppppp= , thus the set X is again roughly definable, but in this case we obtain 

αB(X)= 2/5, which means that the single symptom Temperature is less characteristic for the 
set X, than the whole set of symptoms, and patient p1 cannot be now classified as having flu 
in this case. 

2.4 Rough Sets and Membership Function 

In classical set theory, either an element belongs to a set or it does not. The corresponding 
membership function is the characteristic function for the set, i.e. the function takes values 1 
and 0, respectively. In the case of rough sets, the notion of membership is different. The 
rough membership function quantifies the degree of relative overlap between the set X and the 
equivalence [ ]Bx  class to which x belongs. It is defined as follows: 

 

[ ]1,0: →UB
Xµ and ( ) [ ]

[ ]B

BB
X x

Xx
x

∩
=µ . 

Obviously ]1,0[)( ∈xB
Xµ . A value of the membership function )(xB

Xµ  is a kind of conditional 
probability, and can be interpreted as a degree of certainty to which x belongs to X (or 1 − 

)(xB
Xµ ), as a degree of uncertainty). 

The rough membership function can be used to define approximations and the boundary 
region of a set, as shown below: 

( )XB }1)(:{ =∈= xUx B
Xµ , 

( )XB }0)(:{ >∈= xUx B
Xµ , 

}1)(0:{)( <<∈= xUxXBN B
XB µ . 

The rough membership function has the following properties [6]: 

1. 1)( =xB
Xµ  iff ∈x ( )XB ,  

2. 0)( =xB
Xµ  iff ∈x - ( )XB , 

3. 1)(0 << xB
Xµ  iff )(XBNx B∈ , 

4. If ( )BINDS }:),{( Uxxx ∈= , then )(xB
Xµ  is the characteristic function of X, 

5. If x ( )BINDS y, then )(xB
Xµ  = )(yB

Xµ  provided ( )BINDS , 

6. )(1)( xx B
X

B
XU µµ −=−  for any x∈ U, 

7. ≥∪ )(xB
YXµ  max ))(),(( xx B

Y
B
X µµ  for any x∈ U, 

8. ≤∩ )(xB
YXµ  min ))(),(( xx B

Y
B
X µµ  for any x∈ U.  

The rough membership function can be interpreted as a frequency-based estimate of 
Pr ( )uXx |∈ , the conditional probability that object x belongs to set X, given knowledge u of 
the information signature of x with respect to attributes B.  



 20

The formulae for the lower and upper set approximations can be generalized to some 

arbitrary level of precision 




∈ 1,

2
1π  by means of the rough membership function [6], as 

shown below. 

( ){ }πµπ ≥= xxXB B
X:  

( ){ }πµπ −>= 1: xxXB B
X  

Note that the lower and upper approximations as originally formulated are obtained as a 
special case with 0.1=π . 

Approximations of concepts are constructed on the basis of background knowledge. 
Obviously, concepts are also related to unseen so far objects. Hence, it is very useful to define 
parameterized approximations with parameters tuned in the searching process for 
approximations of concepts. This idea is crucial for construction of concept approximations 
using rough set methods. 

2.5 Dependency of Attributes 

An important issue in data is discovering dependencies between attributes. Intuitively, a 
set of attributes D depends totally on a set of attributes C, denoted DC ⇒ , if all values of 
attributes from D are uniquely determined by values of attributes from C. In other words, D 
depends totally on C, if there exists a functional dependency between values of D and C. 

Formally, a functional dependency can be defined in the following way. Let D and C be 
subsets of A. 

We will say that D depends on C in a degree k ( )10 ≤≤ k , denoted kDC ⇒  

If 

( ) ( )
U

DPOS
DCk C== ,γ  

where ( ) ( )XCDPOS
DUX

C
/∈

= U  called a positive region of the partition U/D with respect to C, 

is the set of all elements of U that can be uniquely classified to blocks of the partition U/D, by 
means of C. 

Obviously  

( ) ( )
∑
∈

=
DUX U

xC
DC

/
.γ  

If k=1 we say that D depends totally on C, and if k<1, we say that D depends partially (in 
a degree k) on C. 

The coefficient k expresses the ratio of all elements of the universe, which can be property 
classified to blocks of the partition U/D, employing attributes C and will be called the degree 
of the dependency. 

Example 2.6. Let us consider again a decision system shown in Table 3. For example, for 
dependency {Headache, Muscle-pain, Temperature} ⇒ {Flu} we get  k = 4/6 = 2/3,  because 
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four out of six patients can be uniquely classified as having flu or not, employing attributes 
Headache, Muscle-pain and Temperature.  

If we were interested in how exactly patients can be diagnosed using only the attribute 
Temperature, that is − in the degree of the dependence {Temperature}⇒{Flu}, we would get 
k = 3/6 = 1/2, since in this case only three patients p3, p4 and p6 out of six can be uniquely 
classified as having flu. In contrast to the previous case patient p4 cannot be classified now as 
having flu or not. Hence the single attribute Temperature offers worse classification than the 
whole set of attributes Headache, Muscle-pain and Temperature. It is interesting to observe 
that neither Headache nor Muscle-pain can be used to recognize flu, because for both 
dependencies {Headache}⇒{Flu} and {Muscle-pain}⇒{Flu} we have k = 0. 

It can be easily seen that if D depends totally on C then ( ) ( )DINDCIND ⊆ . This means 
that the partition generated by C is finer than the partition generated by D. Let us notice that 
the concept of dependency discussed above corresponds to that considered in relational 
databases. 

Summing up: D is totally (partially) dependent on C, if employing C all (possibly some) 
elements of the universe U may be uniquely classified to blocks of the partition U/D. 

2.6  Reduction of Attributes 

In the Section 2.2 we investigated one of the natural aspects of reducing data which 
concerns identifying equivalence classes, i.e. objects that are indiscernible using the available 
attributes. In order to make some savings only one element of the equivalence class is needed 
to represent the entire class. The other aspect in data reduction is to keep only those attributes 
that preserve the indiscernibility relation and, consequently, set approximation. The rejected 
attributes are redundant since their removal cannot worse the classification.  

In order to express the above idea more precisely we need some auxiliary notions.  

 

Let S=(U,A) be an information system,  AB ⊆ , and let Ba ∈ .  

We say that a is dispensable in B if ( ) ( )}{aBINDBIND SS −= ; otherwise a is 
indispensable in B.  

A set B is called independent if all its attributes are indispensable. 

Any subset B' of B is called a reduct of B if B' is independent and ( ) ( )BINDBIND SS =' .  

Hence, a reduct is a set of attributes that preserves partition. It means that a reduct is the 
minimal subset of attributes that enables the same classification of elements of the universe as 
the whole set of attributes. In other words, attributes that do not belong to a reduct are 
superfluous with regard to classification of elements of the universe.  

There is usually several such subsets of attributes and those which are minimal are called 
reducts. Computing equivalence classes is straightforward. Finding a minimal reduct (i.e. 
reduct with a minimal number of attributes) among all reducts is NP-hard [6]. It is easy to that 
the number of reducts of an information system with m attributes may be equal to  

 





 m

m 2/  
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This means that computing reducts is not a trivial task. This fact is one of the bottlenecks 
of the rough set methodology. Fortunately, there exist good heuristics (e.g. [1],[7],[9],[10]) 
based on genetic algorithms that compute sufficiently many reducts in often acceptable time, 
unless the number of attributes is very high. 

The reducts have several important properties. In what follows we will present two of 
them. First, we define a notion of a core of attributes.  

Let B be a subset of A. The core of B is the set off all indispensable attributes of B. 

The following is an important property, connecting the notion of the core and reducts  

I )()( BdReBCore = , 

where Red(B) is the set of all reducts of B.  

Because the core is the intersection of all reducts, it is included in every reduct, i.e., each 
element of the core belongs to some reduct. Thus, in a sense, the core is the most important 
subset of attributes, for none of its elements can be removed without affecting the 
classification power of attributes. 

To further simplification of an information table we can eliminate some values of attribute 
from the table in such a way that we are still able to discern objects in the table as the original 
one. To this end we can apply similar procedure as to eliminate superfluous attributes, which 
is defined next. 

We will say that the value of attribute a∈ B, is dispensable for x, if [x]B = [x]B − {a}; 
otherwise the value of attribute a is indispensable for x.  

If for every attribute a∈ B the value of a is indispensable for x, then B will be called 
orthogonal for x. 

A subset B' ⊆  B is a value reduct of B for x, iff B' is orthogonal for x and [x]B = [x]B'. 

The set of all indispensable values of attributes in B for x will be called the value core of 
B for x, and will be denoted COREx(B). 

Also in this case we have 

)()( BdReBCORE xx I= , 

where Redx(B) is the family of all reducts of B for x.  

Suppose we are given a dependency C ⇒D. It may happen that the set D depends not on 
the whole set C but on its subset C' and therefore we might be interested to find this subset. In 
order to solve this problem we need the notion of a relative reduct, which will be defined and 
discussed next. 

Let C,D ⊆  A. Obviously, if C' ⊆  C is a D-reduct of C, then C' is a minimal subset of C 
such that ),(),( DCDC ′= γγ . 

We will say that attribute a∈ C is D-dispensable in C, if POSC(D) = POS(C−{a})(D); 
otherwise the attribute a is D-indispensable in C. 

If all attributes a∈ C are C-indispensable in C, then C will be called D-independent. 

A subset C' ⊆  C is a D-reduct of C, iff C' is D-independent and POSC(D) = POSC'(D). 

The set of all D-indispensable attributes in C will be called D-core of C, and will be 
denoted by CORED(C). In this case we have also the property 
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)()( CdReCCORE DD I= , 

where RedD(C) is the family of all D-reducts of C. If D = C we will get the previous 
definitions. 

Example 2.7. In Table 3 there are two relative reducts with respect to Flu, {Headache, 
Temperature} and {Muscle-pain, Temperature} of the set of condition attributes {Headache, 
Muscle-pain, Temperature}. That means that either the attribute Headache or Muscle-pain 
can be eliminated from the table and consequently instead of Table 3 we can use either  
Table 4 

Patient Headache Temperature Flu 

p1 no high yes 

p2 yes high yes 

p3 yes very high yes 

p4 no normal no 

p5 yes high no 

p6 no very high yes 

Table 4 

or Table 5 

Patient Muscle-
pain 

Temperature Flu 

p1 yes high yes 

p2 no high yes 

p3 yes very high yes 

p4 yes normal no 

p5 no high no 

p6 yes very high yes 

Table 5 

For Table 3 the relative core of with respect to the set {Headache, Muscle-pain, 
Temperature} is the Temperature. This confirms our previous considerations showing that 
Temperature is the only symptom that enables, at least, partial diagnosis of patients.  

We will need also a concept of a value reduct and value core. Suppose we are given a 
dependency DC ⇒ where C is relative D-reduct of C. To further investigation of the 
dependency we might be interested to know exactly how values of attributes from D depend 
on values of attributes from C. To this end we need a procedure eliminating values of 
attributes form C which does not influence on values of attributes from D. 

We say that value of attribute a∈ C, is D-dispensable for x∈ U, if [x]C ⊆  [x]D implies 
[x]C−{a} ⊆  [x]D; otherwise the value of attribute a is D-indispensable for x. 

If for every attribute a∈ C value of a is D-indispensable for x, then C will be called  
D-independent (orthogonal) for x. 
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A subset C' ⊆  C is a D-reduct of C for x (a value reduct), iff C' is D-independent for x and 
[x]C ⊆  [x]D implies [x]C' ⊆  [x]D.  

The set of all D-indispensable for x values of attributes in C will be called the D-core of C 
for x (the value core), and will be denoted )(CCORE x

D . 

We have also the following property 

)()( CdReCCORE x
D

x
D I= , 

where )(CdRe x
D  is the family of all D-reducts of C for x.  

Using the concept of a value reduct, Table 4 and Table 5 can be simplified as follows:  

 

Patient Headache Temperature Flu 

p1 no high yes 

p2 yes high yes 

p3 − very high yes 

p4 − normal no 

p5 yes high no 

p6 − very high yes 

Table 6 

Patient Muscle-
pain 

Temperature Flu 

p1 yes high yes 

p2 no high yes 

p3 − very high yes 

p4 − normal no 

p5 no high no 

p6 − very high yes 

Table 7 

The following important property 

B' ⇒ B − B', where B' is a reduct of B, 

connects reducts and dependency. 

Besides, we have: 

If B ⇒ C, then B ⇒ C', for every C' ⊆  C, 
in particular 

If B ⇒ C, then B ⇒{a}, for every a∈ C. 

Moreover, we have: 
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If B' is a reduct of B, then neither {a} ⇒{b} nor {b} ⇒{a} holds, for every a, b∈ B', i.e., 
all attributes in a reduct are pairwise independent. 

2.7  Discernibility Matrices and Functions 

In order to compute easily reducts and the core we can use discernibility matrix [6], which is 
defined below. 

Let S=(U,A) be an information system with n objects. The discernibility matrix of S is a 
symmetric nn×  matrix with entries ijc  as given below. 

( ) ( ){ }jiij xaxaac ≠Α∈= |  for i,j=1,�,n 

Each entry thus consists of the set of attributes upon which objects ix  and jx  differ. Since 

discernibility matrix is symmetric and ∅=iic  (the empty set) for i=1,�,n. Thus, this matrix 
can be represented using only elements in its lower triangular part, i.e. for nij ≤<≤1 .   

With every discernibility matrix one can uniquely associate a discernibility function 
defined below.  

A discernibility function Sf  for an information system S is a Boolean function of m 
Boolean variables *

1a ,�, *
ma  (corresponding to the attribute maa ,...,1 ) defined as follows. 

 

( ) { }φ≠≤≤≤∃∀= ijijmS cnijcaaf ,1|,..., ***
1  

where { }ijij caac ∈= |** . The set of all prime implicants2 of Sf  determines the set of all 
reducts of A. 

Example 2.8  Using the above definitions for the information system S from Example 2.5 
(Table. 3), we obtain the following discernibility matrix presented in Table 8 and 
discernibility function presented below.  

 

 p1 p2 p3 p4 p5 p6 

p1       

p2 H,M      

p3 H,T M,T     

p4 T,F H,M,T,F H,T,F    

p5 H,M,F F M,T,F H,M,T   

p6 T H,M,T H T,F H,M,T,F  

Table 8 

                                                 
2 An implicant of a Boolean function f is any conjunction of literals (variables or their negations) such that if the 
values of these literals are true under an arbitrary valuation v  of variables then the value of the function f under v  
is also true. A prime implicant is a minimal implicant (with respect to the number of its literals). Here we are 
interested in implicants of monotone Boolean functions only, i.e. functions constructed without negation (see 
Subsection ???).  
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In this table H,M,T,F denote Headache, Muscle-pain, Temperature and Flu, respectively.  

The discernibility function for this table is 

( ) =FTMHf S ,,, (H ∨ M)(H ∨ T)(T ∨ F)(H ∨ M ∨ F)T 

(M ∨ T)(H ∨ M ∨ T ∨ F)F(H ∨ M ∨ T) 

(H ∨ T ∨ F)(M ∨ T ∨ F)H 
(H ∨ M ∨ T)(T ∨ F) 
(H ∨ M ∨ T ∨ F) 

where ∨  denotes the disjunction and the conjunction is omitted in the 
formula.  

Let us also notice that each row in the above discernibility function corresponds to one 
column in the discernibility matrix. This matrix is symmetrical with the empty diagonal. Each 
parenthesized tuple is a conjunction in the Boolean expression, and where the one-letter 
Boolean variables correspond to the attribute names in an obvious way. After simplification, 
the discernibility function using laws of Boolean algebra we obtain the following expression 

HTF,  
which says that there is only one reduct {H,T,F} in the data table and it is the core.   

Relative reducts and core can be computed also using the discernibility matrix, which 
needs slight modification 

)()(:{ jiij xaxaCac ≠∈=  and )},( ji xxw , 

where or  )( and )(,( DPOSxDPOSxxxw CjCiji ∉∈≡  
   or )( and )( DPOSxDPOSx CjCi ∈∉  
   )(),( and )(, DINDxxDPOSxx jjCji ∉∈  

for nji ,,2,1, K= . 

If the partition defined by D is definable by C then the condition ),( ji xxw  in the above 
definition can be reduced to )(),( DINDxx ji ∉ . 

Thus, entry cij is the set of all attributes which discern objects xi and xj that do not belong to 
the same equivalence class of the relation IND(D). 

If we instead construct a Boolean function by restricting the conjunction to only run over 
column k in the discernibility matrix (instead of over all columns), we obtain the so-called k-
relative discernibility function. The set of all prime implicants of this function determines the 
set of all k-relative reducts of A. These reducts reveal the minimum amount of information 
needed to discern Uxk ∈ (or, more precisely, [ ] Uxk ⊆ ) from all other objects.  

Example 2.9  Considering the information system S from Example 2.5 as a decision 
system, we can illustrate the above considerations by computing relative reducts for the set of 
attributes {Headache, Muscle-pain, Temperature} with respect to Flu. The corresponding 
discernibility matrix is shown in Table 9. 
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 p1 p2 p3 p4 p5 p6 

p1       

p2       

p3       

p4 T H, M, T     

p5 H, M  M, T    

p6    T H, M, T  

Table 9 

The discernibility function for this table is 

))()(( TMTMHMHT ∨∨∨∨ .  

After simplication the discernibility function we obtain the following expression 

TH ∨  TM, 

which represents two reducts TH and TM in the data table and T is the core. 

2.8 Decision Rule Synthesis 

The reader has certainly realized that the reducts (of all the various types) can be used to 
synthesize minimal decision rules. Once the reducts have been computed, the rules are easily 
constructed by overlaying the reducts over the originating decision table and reading off the 
values. 

Example 2.10 Given the reduct {Headache, Temperature} in Table 4, the rule 
read off the first object is "if Headache is no and Temperature is high then 
Flu is yes". 

We shall make these notions precise. 

Let }{,( dAUS ∪=  be a decision system and let .}:{ da VAaVV ∪∈= U  Atomic 
formulae over }{dAB ∪⊆  and V are expressions of the form a = v; they are called 
descriptors over B and V, where Ba ∈ and aVv ∈ . The set ),( VBF  of formulae over B and V 
is the least set containing all atomic formulae over B and V and closed with respect to the 
prepositional connectives ∧  (conjunction), ∨  (disjunction) and ¬  (negation). 

Let ||||).,( AVBF ϕϕ ∈  denotes the meaning of ϕ  in the decision table A which is the set 
of all objects in U with the property ϕ . These sets are defined as follows: 

1. if ϕ  is of the form a = v then })(|{|||| vxaUxa =∈=ϕ  

2. ||||||||||;'||||||||'||||;'||||||||'|| AAAAAAAA U ϕϕϕϕϕϕϕϕϕϕ −=¬∪=∨∩=∧  

The set ),( VBF  is called the set of conditional formulae of A and is denoted C(B,V). 

A decision rule for A is any expression of the form vd =⇒ϕ , where ),( VBC∈ϕ , 

dVv ∈   and 0|||| ≠Aϕ . Formulae ϕ  and vd =  are referred to as the predecessor and the 
successor of decision rule vd =⇒ϕ . 
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Decision rule vd =⇒ϕ  is true in A if, and only if, |||||||| AA vd =⊆ϕ ; |||| Aϕ  is the set of 
objects matching the decision rule; |||||||| AA vd =∩ϕ  is the set of objects supporting the 
rule. 

Example 2.11  Looking again at Tab. 4, some of the rules are, for example: 

(Headache= no) ∧  (Temperature= high) ⇒ (Flu= yes), 

(Headache= yes) ∧  (Temperature= high) ⇒  (Flu= yes), 

The first rule is true in Tab. 4 while the second one is not true in that table. 

Several numerical factors can be associated with a synthesized rule. For example, the 
support of a decision rule is the number of objects that match the predecessor of the rule. 
Various frequency-related numerical quantities may be computed from such counts like the 
accuracy coefficient equal to 

||||||
||||||||||

A

AA vd
ϕ

ϕ =∩
 

For a systematic overview of rule synthesis see e.g. [1], [9], [10]. 

Remark. The rough set theory has found many applications in medical data analysis, 
finance, voice recognition, image processing and others. However the approach presented in 
this section is too simple to many real-life applications and was extended in many ways by 
various authors. The detailed discussion of the above issues can be found in [5], [7] and the 
internet (e.g., http://www.rsds.wsiz.rzeszow.pl)  
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3. Rough Sets and Concurrency 

Knowledge discovery and data mining [3],[5] is one of important and current research 
problems.  Discovering relationships between data is the main task of  so called machine 
learning [12].   

The aim of this section is to present an overview of a new methodology of discovering 
concurrent data models and decision algorithms from experimental data tables. This work is a 
continuation of a new research direction concerning relationships between rough set theory 
and concurrency. Such research direction was started by Z. Pawlak in 1992 [17] and later 
developed intensively by many authors (see e.g. [6],[8],[13-15],[20],[23-24],[25-29],[30]). In 
the section, we consider the following two main problems: (1) discovering concurrent data 
models from data tables; (2) discovering decision algorithms from data tables. Foundation of 
the proposed approach are rough sets [16], fuzzy sets [1] and Petri nets [11]. The 
preprocessing of data [3] and Boolean reasoning [2] are also used. The proposed methodology 
is a result of the author and his coauthors long term research [6],[8],[13-15],[20],[23-24],[25-
29],[30].  

These problems are current and very important not only with the respect to cognitive 
aspect but also to its possible applications. Discovering concurrent systems models from 
experimental data tables is very interesting and useful for a number of application domains, in 
particular, in Artificial Intelligence, e.g. by speech recognition [3], in biology and molecular 
biology, for example, for obtaining the answer concerning the following question: How is the 
model of cell evolution dependent on changes of the gene code (see e.g. [31], pp. 780-804)? 
Discovering decision algorithms from data tables is very important for real-time applications 
in such areas as real-time decision making by groups of intelligent agents (e.g. robots) [19], 
navigation of intelligent mobile robots [4], searching information in centralized or distributed 
data bases [5] and, in general, in real-time knowledge-based control systems [21].  

3.1 Discovering concurrent data models from data tables 

This subsection includes an informal description of the first problem in question, together 
with a general scheme of its solution. The examples of this problem�s possible applications 
are also indicated. We assume that the reader is familiarized with the basic notions of rough 
set theory [16] and Petri nets [11].  

Problem 1.  Let an experimental data table be given. Construct a concurrent data model 
on the base of knowledge extracted from a given data table in such a way that its global states 
are consistent with the extracted knowledge.  

This problem we can interpret as the synthesis problem of concurrent systems specified by 
experimental data tables. We assume that the knowledge extracted from a given data table 
includes information on the structure as well as  the behavior of the modeled system.  

The solution  
In order to solve this problem, we propose to realize the following three main stages: 

Stage 1. Data Representation.  
We assume that the data table S (an information system in Pawlak�s sense [16]) 

representing experimental knowledge is given. It consists of a number of rows labeled by 
elements from the set of objects U, which contain the results of sensor measurements 
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represented by the value vector of attributes from A. Values of attributes  we interpret as 
states of local processes in the modeled system. However, the rows of data table we interpret 
as global states of the system. Sometimes, it is necessary to transform the given experimental 
data table by taking into account other relevant features (new attributes) instead of the original 
ones. This step is necessary when the result concurrent model constructed directly from the 
original data table yields a very large model or when the complexity of model synthesis from 
the original table is too high. In this case some additional time is necessary to compute the 
values of new features, after the results of sensor measurements are given. The input for our 
methodology consists of the data table (if necessary, preprocessed in a way as described 
above).   

In order to represent data, apart from information systems, it is also possible to use 
dynamical information systems introduced in [28] and specialized tables (i.e., matrices of 
forbidden states and matrices of forbidden transitions) [14] in our considerations. We assume 
that information systems include knowledge on global states of modeled concurrent systems 
only, however, dynamical information systems additionally accumulate the knowledge on the 
next state relation (i.e., transitions between global states in a given system). The specialized 
tables include information both on which global states of the modeled system and which 
transitions between global states are forbidden. This representation is, in a sense, a dual 
representation of dynamical information systems. In the following, we use only information 
systems as models for experimental data tables. The proposed generalizations can be also 
applied to the remaining data representations mentioned above.  

In general, data tables obtained from the measurements are relatively large. Besides, such 
data is usually incomplete, imprecise and vague. Rough set methods allow to reduce the large 
amounts of source data, as well as pre-process and analyze it. Moreover, computer tools for 
data analysis based on rough set methodology are available (see e.g. [9]). This is the reason, 
why we use these methods.   

Stage 2. Knowledge representation.  

First, we generate a set of rules (deterministic and non-deterministic) by applying rough 
set methods in the form if � then from a given data table S. These rules represent the 
knowledge (usually partial) on the modeled system. We consider rules true in a degree CF 
(0<CF ≤ 1) in S, where CF is the number equal to the ratio of the number of objects from U 
matching the left and right hand side of the rule, and the number  of objects from U matching 
only the left hand side of the rule. The number CF is called the certainty factor of the rule. We 
assume that there is an object u matching the left hand side of the rule. If CF =1 for a given 
rule, then we say that the rule is deterministic; otherwise, it is non-deterministic. Next, using 
the result set of rules (or the result concurrent model described below) we can get much more 
information on the behavior of the modeled system, constructing so called an extension (in a 
degree CF) of a given information system. An extension S’ (in a degree CF) of a given 
information system S  is created by adding to S all new global states (rows) of  S which are 
consistent with all rules true (in a degree CF) in S. If we use only a set of deterministic rules 
generated from S,  then we can construct so called maximal consistent extension of S.  

Stage 3. Transformation of data tables into colored Petri nets. 

Now, we transform a set of rules obtained in Stage 2 into a concurrent model represented 
in the form of a colored Petri net with the following property: the reachability set of the result 
net corresponds one-to-one to an extension of a given information system. The construction of 
a colored Petri net for the given data table consists of three steps (levels). Firstly, a net 
representing the set of components (functional modules) of a given information is 
constructed. Any component (a subset of rules or an information subsystem) in a sense 
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represents the strongest functional module of the system. The components of the system are 
computed means of its reducts [25]. Secondly, a net defined by the set of rules of a given 
information system, corresponding to all nontrivial dependencies (connections or links) 
between the values of attributes belonging to different components of the information system, 
to the net obtained in the first step is added. The connections between components represent 
constraints which must be satisfied when these functional modules coexist in the system. The 
components together with the connections define so called covering of the system. In general, 
there are many coverings of a given information system. It means that for a given information 
system we can construct its several concurrent models presenting the same behavior but a 
different internal structure. Thirdly, the elements (places, transitions and arcs) of the net 
defined in steps 1-2 are additionally described according to the definition of a colored Petri 
net. The modular approach described above makes the appropriate construction of a net much 
clearer. Moreover, the application of colored Petri nets to represent concurrent systems allows 
to obtain coherent and clear models (also hierarchical ones � this aspect is omitted in the 
paper) suitable for further computer analysis and verification [10].  

Such approach allows the adaptation of structures of complex concurrent systems to the 
new conditions, changing in time, re-engineering (reconstruction) of structures of systems 
organization together with optimization of reconstruction costs, and adapting the systems 
organization to new requirements [29].  

Example 3.1. Consider an information system ),( AUS =  where a set of objects 
},,,{ 4321 uuuuU = ,  a set of attributes },{ baA =  and the values of the attributes are 

defined as in Table 10. 

U\A a b 

1u  0 1 

2u  1 0 

3u  0 2 

4u  2 0 

Table 10 

By applying methods for generating rules in minimal form, i.e., with a minimal number of 
descriptors on its left hand side, described in [24], we obtain the following set of rules for the 
system S: if a=1 then b=0, if a=2 then b=0, if b=1 then a=0, if b=2 then a=0, all of them are 
true in degree CF=1 in S. For generating rules from the given information system, we can also 
use specialized computer tools, e.g. [9].  

After applying the standard Boolean algebra laws to the given set of rules, we obtain the 
following Boolean expression: (a=0 AND b=0) OR (a=0 AND b=1) OR (a=0 AND b=2) OR 
(a=1 AND b=0) OR (a=2 AND b=0).  Using the computed Boolean expression, we can 
construct the guard expression corresponding to rules presented above. It has the following 
form: [ya =(a=0) AND yb = (b=0) OR ya =(a=0) AND yb =(b=1) OR ya =(a=0) AND yb 
=(b=2) OR ya =(a=1) AND yb =(b=0) OR ya =(a=2) AND yb =(b=0)].   
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1 1�a=0 1 1�b=1 
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1�a =0 1�b=1

1�xa 1�xb 

1�ya 1�yb 

color a = with  a =0 | a =1 | a =2; 
color b = with  b =0| b =1 | b =2;
var xa, ya : a; 
var xb, yb : b; 
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Fig. 4 

The concurrent model of S in the form of colored Petri net constructed by using our 
approach is shown in Fig. 4. The guard expression form associated with the transition t (see 
Fig. 4) differs slightly  from the one presented above. It follows the formal requirements 
imposed by the syntax of the CPN ML language implemented into the Design/CPN system 
[10].  

The set of markings of the constructed net corresponds to all global states consistent with 
all rules true in degree CF=1 in S. It is easy to see that the maximal consistent extension S' of 
S additionally includes the value vector (0,0). This vector is consistent with all rules true in S. 
Thus, the set of all value vectors corresponding to S is equal to {(0,1), (1,0), (0,2), (2,0), 
(0,0)}. 

3.2 Discovering decision algorithms from data tables 

This section presents an informal description of the second problem considered here 
together with the general scheme of its solution. The examples of possible applications of this 
problem are also indicated.  

Problem 2.  Let a decision data table be given. Construct a concurrent decision algorithm 
on the base of the knowledge extracted from a given decision data table in such a way that: 
(1) its computation leading to decision making has minimal length and/or satisfies other 
additional analysis criteria.  

In the following, we consider this problem as the modeling problem of approximate 
reasoning process on the base of knowledge included into experimental decision tables with 
uncertain, imprecise and vague information. We choose the timed approximate Petri nets 
defined in [8] as a concurrent model for the constructed decision algorithm.  

The solution  
The proposed solution of this problem is obtained by realizing the following three stages: 

Stage 1. Data Representation. 
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We assume that the decision table S (a decision system in Pawlak�s sense [16]) 
representing experimental knowledge is given. It consists of a number of rows labeled by 
elements from a set of objects U which contain the results of sensor measurements 
represented by the value vector of conditional attributes (conditions) from A together with the 
decision d corresponding to this vector. The decision is given by a domain expert. Values of 
conditions are identified by sensors in a finite, but unknown number of time units. 
Sometimes, it is necessary to transform the given experimental decision table in a similar way 
as in Problem 1, Stage 1. This step is necessary when the decision algorithm constructed 
directly from the original decision table yields an inadequate classification of unseen objects, 
or when the complexity of decision algorithm synthesis from the original decision table is too 
high. The input for our algorithm consists of the decision table (preprocessed, if necessary).  
In the paper, we consider the values of attributes to be crisp [16] or fuzzy [1].  

Stage 2. Knowledge representation.  

We assume that the knowledge encoded in  S is represented by rules automatically 
extracted from S, using the standard rough set methods for rules generation. We consider two 
kinds of rules: conditional and decision ones. Rules of the first kind express some 
relationships between values of conditions. However, rules of the second kind express some 
relationships between values of conditions and decision. Besides, each  of such rules can be 
deterministic or non-deterministic. The rule is active if the values of all attributes on its left 
hand side have been measured. An active rule which is true (in a degree CF) in S can be used 
to predict the value of the attribute on its right hand side even if its value has not been 
measured, yet. Our concurrent model of a decision algorithm propagates information from 
sensors (attributes) to other attributes, as soon as possible. It is done by using rules in minimal 
form, i.e. with a minimal number of descriptors on its left hand side. We use the method for 
generating rules minimal and true in S, described in [24].  

Stage 3. Transformation of decision tables into timed approximate Petri nets.  

The construction of a timed approximate Petri net for the given decision table consists of 
four steps (levels). Each step of the net construction provides one module of the constructed 
net. At first, the places representing the set of all conditions of the given decision table are 
constructed. Then, the fragments of the net, defined by a set of conditional rules generated 
from the given decision table are added, to the places obtained in the first step. Next, the net 
obtained in the second step is extended by adding fragments of the net defined by the set of 
decision rules generated from the given decision table. Finally, the elements (places, 
transitions and arcs) of the net defined in steps 1-3 are additionally described according to the 
definition of a timed approximate Petri net. The modular approach described above makes the 
appropriate construction of a net much clearer.  

The constructed timed approximate Petri net allows to make a decision, as soon as a 
sufficient number of attribute values is known as a result of measurements and conclusions 
drawn from the knowledge encoded in S. It is easy to prove that any of its computations 
leading to decision making has minimal length, i.e., no prediction of the proper decision based 
on the knowledge encoded in S and the measurement of attribute values is possible before the 
end of the computation. Each step of the computation of the constructed timed approximate 
Petri net consists of two phases. In the first phase, checking is performed to see whether some 
new values of conditions have been identified by sensors, and in the second phase, new 
information about values is transmitted through the net at high speed. The whole process is 
realized by implementation of the rules true (in a degree CF) in the given decision table.   

It is worth to point out that the proposed methodology can be used to model the decision 
processes considered by Pawlak in [18], in an easy way.   
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Example 3.2. Consider a decision system }){,( eAUS ∪=  where the set of objects 
},,,,,{ 654321 uuuuuuU = , and the set of conditions },,,{ dcbaA = . The decision is denoted by e. The 

possible values of conditions and the decision from S are defined as in Table 11.  

 

U\ }{eA ∪ a b c d e

1u  1 1 1 1 0

2u  1 1 2 1 1

3u  2 0 1 2 0

4u  2 0 2 2 0

5u  2 0 1 1 0

6u  2 0 2 1 0

Table 11 

Using standard rough set methods for generating rules and computing certainty factors of 
rules, we compute all (deterministic and non-deterministic) decision and conditional rules 
from S together with appropriate certainty factors. For the sake of the paper's length, we 
consider only a sample of rules for the decision system S. It is as follows: r1: if a=1 then e=0 
(CF=0.5, non-deterministic decision rule), r2: if b=1 then e=0 (CF=0.5, non-deterministic 
decision rule), r3: if a=1 AND c=2 then e=1 (CF=1, deterministic decision rule), r4: if a=2 
OR b=0 OR c=1 OR d=2 then e=0 (CF=1, deterministic decision rule), r5: if b=1 AND c=2 
then e=1 (CF=1, deterministic decision rule), r6: if d=1 then e=0 (CF=0.75, non-deterministic 
decision rule), r7: if a=1 OR b=1 then d=1 (CF=1, deterministic conditional rule).   

The timed approximate Petri net corresponding to these rules is presented in Fig. 5. The 
net construction is realized according to the approach described above. More detailed 
information on the algorithm for transforming rules representing the given decision table into 
an approximate Petri net can be found in [6]. Complete description of the method for 
transforming rules into the timed approximate Petri net will be presented in the full version of 
this paper. At present, we give an intuitive explanation of such a net construction, taking into 
account our example. 

In the timed approximate Petri net from Fig. 5, places pa, pb, pc, pd represent the conditions 
a, b, c, d from S, respectively. However, the place pe represents the decision e. The transitions 
t1,�, t6 represent the rules r1,�, r6, respectively. Transition t7 represents the rule r7.  

Time values associated with the transitions of the net are defined as follows: 1 
corresponds to transitions t1, t2, t6; 2 corresponds to transitions t3, t5, t7; 4 corresponds to the 
transition t4. Bi-directional input/output arcs in the net check only whether a suitable 
transition in the net is enabled at a given marking. After firing that transition the marking of 
input/output places of transition does not change. The color sets (types) corresponding to 
places pa, pb, pc, pd  are defined as follows: a={a=1, a=2}, b = {b=0, b=1}, c= {c=1, c=2}, 
d={d=1, d=2}, e={e=0, e=1}, respectively. 
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Fig. 5 

The time stamps carried by tokens for places pa, pb, pc, pd  are equal to 7,7,12,10, 
respectively. The operator AND is associated with transitions t3, t5, and OR � with transitions 
t4, t7. Time stamps and operators are omitted in the figure. Additionally, in our net model we 
assume that the truth values for all propositions (descriptors) associated with places are equal 
to 1 (true), as well as the threshold values are set to 0 for all transitions. Moreover, in the net 
any transition can fire only once at a given simulation session.  

 

Place\Time g=0s g=8s g=9s g=10s g=14s 

pa ∅  1/a1@7 1/a1@7 1/a1@7 1/a1@7 

pb ∅  1/b1@7 1/b1@7 1/b1@7 1/b1@7 

pc ∅  ∅  ∅  ∅  1/c2@12 

pd ∅  ∅  1/d1@9 1/d1@10 1/d1@10 

pe ∅  0.5/e0@8 0.5/e0@8 0.75/e0@11 0.75/e0@11 
+1/e1@14 

Table 12 

We assume that the initial marking of each place in the net at a global clock g = 0s is 
equal to the empty set. The example of an approximate reasoning process realized in the net 
model presented in Fig. 5 is shown in Table 12. The sign @ in the marking of a place denotes 
a time stamp. From Fig. 5 and Table 12 it follows that, for example, when the value of global 
clock is equal to g =8s, then places pa, and pb are marked. At the same time, transitions t1 and 
t2 are ready and they fire. Further, at the time g = 8s, we can make the first decision, i.e., the 
place pe  is marked. In Table 12, we can also observe that for different time moments we 
obtain different markings of the place pe. Analyzing the approximate reasoning process in the 
net model, we can consider different paths of its execution. As a consequence, we can choose 
the most appropriate path of the reasoning process in the net model, i.e., satisfying some 
imposed requirements (criteria). 

Remarks. The described data model of concurrent systems discovered from a given 
information system allows to understand better the structure and behavior of the modeled 
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system. Due to this approach, it is possible to represent the dependencies between the 
processes in information system and their dynamic interactions in graphical way. The 
presented approach can be treated as a kind of decomposition of a given information system. 
Besides, our methodology can be applied for automatic feature extraction. The components 
and the connections between components in the system can be interpreted as new features of 
the modeled system. Properties of the constructed concurrent systems (e.g. their invariants) 
can be understand as higher level laws of experimental data. As a consequence, this approach 
seems to be useful also for state identification in real-time.  

The presented concurrent model of a decision algorithm allows a comprehensive analysis 
of approximate reasoning process described by the given decision table, among others, a very 
quick  identification of objects in the given decision table. The proposed net model allows 
also to analyze the performance of approximate reasoning process. Using the time 
approximate nets we can answer such questions as, how much time we need to make a 
decision, or which execution path in the approximate reasoning process should be chosen in 
order to make a decision as quick as it is possible. We have two self-implemented computer 
tools used for the verification of proposed methods and algorithms [7],[13].  
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