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New Approaches for Data Reduction in 
Generalized Multi-valued Decision Information System: 

 Case study of Rheumatic Fever Patients1  
 
 

A.M. Kozae, M.M.E. Abd El-Monsef, and S. Abd El-Badie 
 

Department of Mathematics, Faculty of Science, 
Tanta University, Egypt  

 
Abstract: A multi-valued information system (MIS) is a generalization of the 
idea of a single valued information system (SIS). In a multi-valued 
information system, attribute functions are allowed to map elements to sets of 
attribute values. In this paper, we initiated a new approach for data reduction 
in Generalized Multi–Valued Decision Information System (GMDIS). In the 
beginning we converted the Single-Valued Decision Information System 
(SDIS) by collecting the attributes to a GMDIS. Two general relations are 
defined on condition attributes and decision attribute. We constructed new 
classes using the general relations which are used for data reduction. The 
measure of decision dependency on the condition attributes is studied in our 
approach. To evaluate the performance of the approach, an application of, 
rheumatic fever datasets has been chosen and the reduct approach have been 
applied to see their ability and accuracy. 

      

Keywords:  Multi-Valued Information System, Rough Sets, Reduction 
 
1 Introduction 
  

 The theory of rough sets (RS) [4,6,7] is a mathematical tool for extracting knowledge 
from uncertain and incomplete data based information. The theory assumes that we first have 
necessary information or knowledge of all the objects in the universe with which the objects 
can be divided into different groups. If we have exactly the same information of two objects 
then we say that they are indiscernible (similar), i.e. we cannot distinguish them with known 
knowledge. The theory of RS can be used to find dependence relationship among data, 
evaluate the importance of attributes, discover the patterns of data, learn common decision-
making rules, reduce all redundant objects and attributes and seek the minimum subset of 
attributes so as to attain satisfying classification. Moreover, the rough set reduction algorithms 
[2,10] enable to approximate the decision classes using possibly large and simplified patterns. 

 This theory become very popular among scientists around the world and the rough set is 
now one of the most developing intelligent data analysis [11]. Unlike other intelligent 
methods such as fuzzy set theory, Dempster -- Shafer theory or statistical methods, rough set 

                                                 
1 The authors greatly appreciate the valuable comments of Dr. K. E. Sturtz, Veridian, and the good advice of 
Prof. Dr.  E. Rady and  Dr. A. S. Salama. 
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analysis requires no external parameters and uses only the information presented in the given 
data. 

According to rough set theory (RST) philosophy an element x  of  U is labeled as being 
in a set X  called positive region, and some elements may be clearly labeled as not being in 
set X  called negative region, limited information prevents us from labeling all possible cases 
clearly.  The remaining elements cannot be distinguished and lie in what is known as the 
boundary region. The positive region in RST is known as lower approximation of set X , 
which yields no false positives. The positive region plus the boundary region make up an 
upper approximation of set X , which yields no false negatives. The practical end of rough 
sets deals with being continuous inputs and deciding which areas of the input space should be 
included in these various approximations but it can be viewed that most of the studies on 
rough sets applied on a tabular data related with equivalence relations. It is not easy to 
confirm a non-equivalence relation on any data table. So in the case of a multi-valued 
information system (MIS) applying a non-equivalence relation [6], binary non-equivalence 
relations was chosen from many kinds of non-equivalence relation mentioned in Orlowska  
book, 1998. 

The objective of this paper is to initiate a new approach for data reduction in 
Generalized Multi–Valued Decision Information System by collecting the attributes to a 
GMDIS due to the converted Single-Valued Information System (SIS). If there exist an 
addition attribute D, then we call it a Single-Valued Decision Information System (SDIS). 

 
This paper is organized as follows. In Section 2, we give an overview of the information 

system and approximation. The characteristic of Rheumatic Fever data is presented in section 
3. Section 4, discusses the concept of mutli valued information system. Section 5, discusses 
the generalization of the multi valued information concept. Then a reduction approach is 
discussed.   

 
2. Information Systems and Approximation 

 
The starting point of rough set theory is the indiscernibility relation [7], generated by 

information about objects of interest. The indiscernibility relation is intended to express the 
fact that due to the lack of knowledge we are unable to discern some objects employing the 
available information. It means that, in general, we are unable to deal with each particular 
object but we have to consider clusters of indiscernible objects, as fundamental concepts of 
RST, now we present above consideration more formally  

 
Suppose we have two finite, non-empty sets U  and A, where U  is the universe of 

objects, and A - a set of attributes. The pair ),( AU  is an information system. With every 
attribute Aa∈  we associate a set Va, of its values, called the domain of a . Any subset B  of 
A  determines a binary relation R on U , called an indiscernibility relation, defined as 
follows: 

BaeveryforyaxaiffxRy ∈= )()(        (1) 

Where )(xa  denotes the value of attribute a  for the object x . 

Obviously R  is an equivalence relation. The family of all equivalence classes of R  , 
i.e. the partition determined by B , will be denoted by RU / , an equivalence class of R , i.e. 
the block of the partition BU /  , containing x will be denoted by )(xB . 

If Ryx ∈),(  it will be said that x  and y  are B -indiscernible. Equivalence classes of 
the relation R  (i.e., blocks of the partition BU / ) are referred to as B -elementary sets. In the 
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rough set approach the elementary sets are the basic building blocks (concepts) of the 
knowledge about the considered problem. The unions of B -elementary sets are called B -
definable sets. 

The indiscernibility relation will be further used to define basic concepts of RST, this 
leads to the definition of the B -lower and the B -upper approximations respectively as 
follows, 

})(:{)( XxBUxXB ⊆∈=           (2) 

})(:{)( Φ≠∈= XxBUxXB I          (3) 

Assigning to every subset X  of the universeU . The B -boundary region of X  will defined 
by, 

         )()()( XBXBXBNB −=           (4) 

If the boundary region of X is the empty set , i.e., BNB(X) =Φ , then the set X is crisp 
(exact) with respect to B; in the opposite case , i.e. , if BNB(X)≠ Φ , the set X is referred to as 
rough (inexact) with respect to B . Also we can define the positive and negative regions of a 
set X , 

XofregionnegativeTheXBUXNEG

XofregionpositiveTheXBXPOS

B

Ux
B

,)()(

,)()(

−=

=
∈
U

     (5) 

Rough set can be also characterized numerically by the following coefficient 

             
)(

)(
)(

XB

XB
XB =α ,           (6) 

Where )(XBα be the accuracy of approximation, where X  denotes the cardinality of X. 
Obviously 1)(0 ≤≤ XBα . If 1)( =XBα  then X  is crisp with respect to B ( X  is precise with 
respect to B ) , and otherwise , if 1)( pXBα   then X  is rough with respect to B  ( X  is vague 
with respect to B ). 

3.  Rheumatic Fever Data: Characteristic  
 

In this section, we briefly describe the Rheumatic Fever datasets used in this study. No 
doubt that the rheumatic fever is a very common disease and it has many symptoms differs 
from patient to another though the diagnosis is the same. So, we obtained the following 
example on seven rheumatic fever patients from Tanta University Hospital, Egypt. All 
patients are between 9-12 years old with history of Arthritis began from age 3-5 years. This 
disease has many symptoms and it is usually started in young age and still with the patient 
along his life. 
 
Table (1) introduced the seven patients characterized by 8 symptoms (attributes) using them 
to decide the diagnosis for each patient (decision attribute). Table (1) represents the attributes 
as described in    the rheumatic fever datasets.  
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Refers to ? Aِttribute Values Rًefers to ? Aِttribute Symbol 

Male 
1s  

Female 2s  
Sex S  

Yes 1f  

No 2f  
Pharyngitis F  

No arthritis 
 0a  

Began in the knee 1a  

Began in the ankle 2a  

Arthritis A  

Affected 1r  

Not affected 2r  
Carditis R  

Yes 
1k  

No 2k  
Chorea K  

Normal 1e  

High 2e  
ESR E  

Absent 
1p  

Present 2p  

Abdominal pain P  

Yes 
1h  

No 
2h  

Headache H  

Rheumatic  arthritis 1d  
Rheumatic   
carditis 2d  

Rheumatic arthritis 
and carditis 3d  

Diagnosis D  

Table 1:   Rheumatic Fever Data 

D H P E K  R  A  F S           History 
Patients 

d3 2h  1p  1e  1k  1r 1a  1f  2s    
x1  

d3 1h  1p  2e  1k  1r 1a 1f  1s    
x2 

d3 2h  1p  1e  2k  1r 2a  1f 2s    
x3 

d1 
2h  1p  1e  2k  2r 1a 1f 1s    

x4  
d2 2h  2p  1e  2k  1r 0a 2f 1s    

x5 
d3 2h  1p  2e  2k 1r  1a 1f 1s  x6 
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d3  
1h  1p  1e  2k 1r  2a 1f 1s  x7  

Table 2:  Rheumatic Fever Information System 
 
 
 
4. Multi Valued Information System 
  

Let U  be a finite set of elements called the universe and At  be a non-empty finite set 
of attributes, Ata∈  such that aa VUf →:  . The set aV   is called the range of the attribute 
a . For an element Ux∈ and an attribute Ata∈ , the pair ))(,( xfx a

indicates that x has the 
attribute value )(xfa . The pair ),( AtU is called an information system 

A multi-valued information system is a generalization of the idea of a single valued 
information system. In a multi-valued information system, attribute functions are allowed to 
map elements to sets of attribute values [1,8].  More formally, in multi valued information 
system ),( AtU , each attribute Ata∈   implies the function )(: aa VPUf →  by setting 

))()(()( aaaa VPxfVVxf ∈⊆=  This way, each element of the information system can be 
associated a description by means of a subset AtA ⊆ .  

Here is an illustrated example that describes the multi-valued information concept.  
Table (3) represents a multi valued information system that contains set of persons 

621 ,,, PPP L and the goods that these persons bought from two markets 1M and 2M  
(attributes). 
 

U 1M  2M  

1P  },{ DF  },,{ DMB  

2P  },{ RH  }{B  

3P  },,{ SDF  },{ MB  

4P  }{F  },{ MB  

5P  },{ DF  }{B  

6P  }{F  }{B  

Table 3: Multi-Valued Information System 
 
More formally, let },,,{ 621 PPPU L=  be the set of objects, },{ 21 MMAt = be the set 

of attributes, and the sets },,{
1

DMBVM = and },,,,{
2

SRHFDVM = are the values of these 
attributes which are the goods that these persons bought from those markets.  These attributes 
can be treated as mappings )(: aa VPUf →  from the set of objects into the family of subsets 
of their values; where },{)( 21

RHPfM = , },,{)( 31
SDFPf M = , etc.  

 
Multi-valued information system is any collection of data specified in the form of a 

structure )},:{,,( aa fAtaVAtU ∈  where U is a non-empty set (of objects), At is a non-
empty set of attributes, }:{ AtaVa ∈  is an indexed family of sets (values of the attributes) 
and )(: aa VPUf → be the information function.  
 
 
5. Generalized Multi Valued Decision Information System (GMDIS) 

Here we will give the main conventions that we will apply in this work. These 
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conventions will be indicated by examples.  

The structure GMIS = }):{,},:{,,( AtBfAtaAtU Baa ⊆∈ ηψ is called generalized multi-
valued information system, where U  be a non-empty finite set of objects.( persons, planets, 
cars, digits,…etc) called the universe. Any set UX ⊆ is called a category in U . aψ is a 
collection of value sets corresponding to the attribute Ata∈ . )(: aa PUf ψ→ is a total 
information function such that aa xf ψ∈)( . Bη  is a binary relation defined on U ,  which is 
not necessary to be an equivalence relation. In [6], many types of relations are defined, the 
classes of the relation Bη  is up to the practical situation of the problem. If there exists an 
additional attribute D called the decision attribute, we say that this system is a generalized 
multi valued decision  information system, GMDIS = 

}):{,},:{,,( AtBfAtaDAtU Baa ⊆∈ ηψU . In this paper, we consider aη as an 
example of non-equivalence relation on U  which is defined by:  

- For ,Ca∈  

                       { } Atayfxfyx a
c

aa ∈∀⊆= ,)()(:),(η                                               (7) 
             - For ,AtB ⊆  

                      },,)()(:),{( AtBBayfxfyx a
c

aB ⊆∈∀⊆=η                             (8) 
 

Clearly aη and Bη  are not reflexive, not transitive but they are symmetric. 

- For Ata∈  the class a
Aη  is defined by, 

}:{,}:{ yxywhereUxA aaxaxa
ηηηη =∈=                                (9) 

 - And for AtB ⊆   the class B
Aη is defined by, 

}:{,}:{ yxywhereUxA BBxBxB
ηηηη =∈=                           (10) 

 
If D is the decision attribute, then the generalized decision multi-valued information 

system will take the form }):{,},:{,,( AtBfAtaDAtU Baa ⊆∈ ηψU . In this 
case, we suggest the following non-equivalence relation, 

 

)}()(:),{(

)}()(:),{(

yfxfyx

yfondependsxfyx

DD

DDD

⊆=

=η
                                                  (11) 

 
The concepts of this relation are, 

                                               }:{ yxy
DDx

ηη =                                                          (12)   
The set of all concepts is, 

                                                }:{ UxA DxD
∈= ηη                                                    (13) 

 
Also,  

- If D is the decision attribute and for Ata∈   , we have  
 

                   )()( XDPOS
D

AX
aa U

η

η
∈

=                                                            (14) 
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- For any subset B of At , 
)()( XDPOS

D
AX

BB U
η

η
∈

=                                                           (15) 

 
For any subset UX ⊆ we define, 

- For Ata∈ , 

       
}:{)(

}:{)(

Φ≠=

⊆=

XX

XX

axaxa

axaxa

IU

U

ηηη

ηηη
 

- For AtB ⊆ , 

      
}:{)(

}:{)(

Φ≠=

⊆=

XX

XX

BxBxB

BxBxB

IU

U

ηηη

ηηη
 

 
5.1 Reduct Approach and Topological Spaces 
 
Let us take }:{ AtaA

a
∈η as a sub base of a topological space aτ (the set of all finite 

intersections and arbitrary unions of members of  
a

Aη  ) and }:{ AtBA
B

⊆η as a subbase of a 

topological space Bτ , the decision makes the topology Dτ which has }{
D

Aη  as a subbase. 

 
Now, we will define the following, 
 

1- The set of attributes AtB ⊆  is called a reduct if DB ττ ≤ and B is minimal.  
Where UGGGGtsGGiff DBDB ≠⊂∈∃∈∀≤ ',,'..', ττττ . 

 
2- The attribute Ata∈  is called the principal attribute (PA) if 

abAtbaba ≠∈∀ ,,,ττ f  and if ba ττ = , then a and b are in the PA. 
 
 
We will give a new vision for the GMDIS as we can have a SDIS and converting it to a 
GMDIS as it will be cleared in the worked example. 
  

  
5.2 Dependencies among Attributes 
 
Discovering dependencies between attributes in GMDIS is an important issue in 

(Knowledge Data Discovery) KDD [3,5,9]. A set of attribute B depends totally on a set of 
attributes A (In general for any two subsets A and B of At), denoted BA ⇒ if all values sets of 
attributes from B are uniquely determined by values sets of attributes from A. Let A and B be 
subsets of At.  We will say that B depends on A in a degree K , 10 ≤≤ K , 
Denoted by BA K⇒ if ,  

 

U
BPOS

BAK A )(
),( == γ                                                                                               (16) 
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U
B

AX
AA XBPOS

η

η
∈

= )()( called a positive region of B . 

Obviously, 

∑
∈

==
B

AX

A

U
X

BAK
η

η
γ

)(
),(                                                                                         (17) 

       
 If 1=K , we call  B is depends totally on A. 
If 1<K , we call B is depends partially (in a degree K ) on A. 
 
 If we take AtA =  and DB =  in the above two issues where At is the set of condition 
attributes and D is the decision attribute , then we say that, D depends totally on At, 
denoted by  DAt ⇒ if all values of attributes from D are uniquely determined by values 
sets of attributes from At. We will say that D depends on At in a degree K , 10 ≤≤ K , 
denoted by DAt K⇒ if ,  

 

U
DPOS

DAtK At )(
),( == γ                                                                                              (18) 

      Where U
D

AX
AtAt XDPOS

η

η
∈

= )()( called a positive region of  D . 

∑
∈

==
D

AX

At

U

X
DAtK

η

η
γ

)(
),(                                                                                          (19) 

If 1=K , we call D is depends totally on At  . 
      If 1<K , we call  D is depends partially (in a degree K ) on At . 
 

After getting the degree of dependencies of all condition attributes At  with respect to 
the decision attribute D. Then, the set of attributes of equal highest degree of dependency is 
the PA of our system. 
 

5.3 Reduct with Minimal Number of Attributes 
 

This section discusses the reduction approach the set of reducts for the GMDIS system 
using topological spaces and the degree of dependency. If the set of all reducts of our SDIS 
is, },,,{ 21 nRRR L=Ψ , and the set of reducts for the GMDIS system using topological spaces,  
and the degree of dependency is, }',,','{' 21 nRRR L=Ψ . Then, we will say that Ψ  is more 
precise than 'Ψ , if iiii RRtsRR ⊆Ψ∈∃Ψ∈∀ '..,''  .  The following algorithms describe the 
reduct approach of GDMIS system and the PA algorithm: 

 
Algorithm 1: GMDIS Reduct Algorithm 

 
Input 
 A GMDIS = }):{,},:{,,( AtBfAtaDAtU Baa ⊆∈ ηψU  
Processing 
 1. {}←R , R=reduct 
 2. Do 
 3. RGMDIS ←  
 4. )( RAtaLoop −∈   
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 5. If DaR ττ ≤}{U  

 6. }{aRGMDIS U←  
 7. GMDISR ←  
 8. Until DR ττ ≤  
 9. Return R  
Output  R: A set of minimum attribute subset;  AtR ⊆ . 
 
 
 
 

Algorithm 2: GMDIS PA Algorithm 
 
Input 
 A GMDIS = }):{,},:{,,( AtBfAtaDAtU Baa ⊆∈ ηψU  
Processing 

1. {}←PA  
2. Do 
3. Loop Ata∈  
4. Loop Atb∈  
5. If  ba ττ f  

6. }{aPAPA U←  
7. End Loop 
8. End Loop 
9. Return PA  
 

Output 
 PA: A set of principal attribute subset, AtPA ⊆ . 

 
6. Worked Example 
 
       In this section, we will give an example to illustrate our approach for attribute reduction 
compared with the discernibility matrix approach [6].  
 
Let us start by constructing the reduction using the discernibility matrix for the attributes 
given in Table (2).  First, let set the coded table for the attributes give in Table (2). (Table (4) 
shows the results)   by the following assumptions: 
  

• Put Sex (S) ={M,F}={0,1}.  
• Put Pharyngitis (F) = {yes, no}={1,0} .         
• Put Arthritis(A)={a0,a1,a2}={0,1,2}. 
• Put Carditis (R)={affected , not affected}={1,0}. 
• Put Chorea (K)= {yes, no}={1,0}. 
• Put  ESR (E)= {normal ,high}={0,1}. 
• Put Abdominal Pain (P)= {absent, present}={0,1}. 
• Put Headache (H)={yes, no}={1,0}. 
• Put The decision attribute is Diagnosis (D)= {rheumatic arthritis , rheumatic carditis , 

rheumatic arthritis and carditis}={d1 , d2 , d3}.  
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D H P E K  R  A  F S          History 
Patients 

d3 0 0 0 1 1 1  1 1   
x1 

d3 1 0 1 1 1 1  1 0   
x2 

d3 0 0 0 0 1 2  1 1   
x3 

d1 0 0 0 0 0 1 1 0   
x4  

d2 0 1 0 0 1  0 0 0   
x5 

d3 0  0 1 0 1  1 1 0   
x6 

d3  1 0 0 0 1  2 1 0   
x7  

Table 4:  The Coded Data 
 
 

The discerniblity matrix of the data given in Table (4) is represented in Table (5). 
 

 x1 x2 x3 x4 x5 x6 x7 

x1 Φ        

x2 Φ  Φ       

x3 Φ  Φ  Φ      

x4 
},,{ KRS

 },
,,{

H
EKR

 

},,{ RAS
 

Φ     

x5 

},
,,,{

PK
AFS

 

},,
,,,{

HPE
KAF

 
}

,,,{
P

AFS

 
}

,,,{
P

RAF

 

Φ    

x6 
Φ  Φ  Φ  },{ ER  

}
,,,{

P
EAF

 Φ   

x7 
Φ  Φ  Φ  

},,{ HRA
 }

,,,{
H

PAF
 Φ  Φ  

Table 5: The Discernibility Matrix 
 

 
Then the discernibility function will be as   following, 
 

}{}{}{
}{}{}{}{

}{}{}{}{

HPAFHRAPEAF
ERPKRAFPAFSHPEKAF

PKAFSRASHEKRKRSfA

∨∨∨∧∨∨∧∨∨∨∧
∨∧∨∨∨∨∧∨∨∨∧∨∨∨∨∨∧

∨∨∨∨∧∨∨∧∨∨∨∧∨∨=
 



 ١١ 
  
 

 
Applying the algebraic absorption law [9] then Af  takes the following form, 

}{}{}{
}{}{}{}{}{

HPAFHRAPEAF
ERPKRAFPAFSRASKRSfA

∨∨∨∧∨∨∧∨∨∨∧
∨∧∨∨∨∨∧∨∨∨∧∨∨∧∨∨=

 

 
 
From the above function we can see that we have 8 reducts with out any intersections so 

we do not have any core of this example. So, the reduction set is defined as follows: 
 

 

}}{},{},{,
}{},{},{},{},{{)(Re

HPAFHRAPEAF
ERPKRAFPAFSRASKRSAd

∨∨∨∨∨∨∨∨
∨∨∨∨∨∨∨∨∨∨∨∨=

              (20) 

  
Now, after getting the reduction for the SDIS given in Table (2) using the discernibility 

matrix. We will convert it to a GMDIS by using the following new system. 
 

Consider the following system: 
 

Attribute Symbol Rًefers to ? Aِttribute Values Rًefers to ? 

1α  1sS →  

2α  1kK →  
α  },{ KS  

3α  },{},{ 22 ksKS →  

1β  1fF →  

2β  1aA→  

3β  2aA→  

4β  1eE →  
β  },,{ EAF  

5β  
},,{

},,{

202 eaf
EAF →

 

1δ  1rR →  

2δ  1pP →  

3δ  1hH →  δ  },,{ HPR  

4δ  
},,{
},,{

222 hpr
HPR →

 

1d  Rheumatic  arthritis 

2d  Rheumatic carditis D  Diagnosis  

3d  Rheumatic arthritis and 
carditis 

Table 6: Converted Data Description 

Then we constraint the GMDIS as in the following form satisfied in Table (6). 
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D δ β α  U  

{d3} },{ 21 δδ  },,{ 421 βββ}{ 2α   

1x 
{d3} },,{ 321 δδδ},{ 21 ββ  },{ 21 αα   

2x 
{d3} },{ 21 δδ  },,{ 431 βββ}{ 3α   

3x 
{d1} }{ 2δ  },,{ 421 βββ}{ 1α   

4x  
{d2} }{ 1δ  }{ 4β  }{ 1α   

5x 
{d3} },{ 21 δδ  },{ 21 ββ }{ 1α   

6x 
{d3} },,{ 321 δδδ},,{ 431 βββ}{ 1α    

7x  

Table 7: Rheumatic Fever Data in Multi-Valued Information System 
 
  

The collecting of single valued attributes to multi-valued attribute is the method we 
suggested to convert the single valued decision information system (SDIS) into generalized 
multi-valued decision information system (GMDIS). For example, Table (2) can be converted 
to Table (7) as follows: 

1- Firstly, we collect the attributes of Table (2) as it shown in Table (6), where the 
choice of α  = },{ KS , β = },,{ EAF  and  δ =  },,{ HPR  are  according to the case of  
our study and to the decision of the expert .  

2-   To get the corresponding values of the multi-valued attributes α  , β  and δ  we 
define a domain for each of them according to the number of values  of the single 
attributes constructed that attributes. For simplicity, the values we suggested for the 
attribute α  are 1α  , 2α  and  3α . 

3- We supposed that 1α  means “  1svaluethetakesS ” , 2α  means 

“ 1kvaluethetakesK ” and  3α  means 

“ 22 kvaluethetakesKandsvaluethetakesS ”. Not existing 
any value of the attribute values  of α  means that it takes the other value 
automatically. 

4- The assumption in Step 3 is not unique and does not depend on the decision of the 
expert. 

5- The reminder attributes β  and δ are illustrated in the pre two last rows of Table (6).  

Now we will apply the above contributions on Table (7), where 
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},,,,,,{ 7654321 xxxxxxxU =  be set of condition attributes },,{ δβα=At  and the decision 

attribute is the diagnosis denoted by D. First, getting the classes of the relation a
Aη defined 

in (3) then, 

• For α=a  , 

   }:{ UxA x ∈= αη η
α

,where  }:{ yxyx αα ηη =  and  })()(:),{( yfxfyx c
αααη ⊆=  

  
7654321

}{},{},{},{ 23 xxxxxxx xx ααααααα ηηηηηηη ===Φ===Φ=  

     

.}{

}{

}},{},{},{{

},,,{

32

4321

δ

β

ηηηη

δ

β

α

α

η

η

η

ααααη

=Φ=

=Φ=

Φ=⇒

=⇒

aforA

andaforA

xxA

A xxxx

 

• For },{ βα=B  

)}()(),,{(}:{,}:{ yfxfyxandyxywhereUxA B
c

BBBBxBxB
⊆==∈= ηηηηη  

},,{}{

},{}{

},,{}{

},{

δβα

δβ

δα

δβα

δβ

δα

βα

=Φ=

=Φ=

=Φ=

Φ=⇒

BforA

andBforA

BforA

A

 

From the relations we can get the topological spaces for each relation 
)(

Ba
AforandAfor Ba ηη ττ as below, 

1. }},{},{},{,,{ 3232 xxxxU Φ=ατ  
2. },{ Φ= Uβτ  
3. },{ Φ= Uδτ  

4. },{ Φ= Uβατ  

5. },{ Φ= Uδατ  

6. },{ Φ= Uδβτ  

7. },{ Φ= Uδβατ  
 

Now we will deal with the decision attribute D applying the relation that we referred to 
before where, 
 

}:{,}:{ yxywhereUxA BBxBxB
ηηηη =∈= and  

)}()(:),{(

)}()(:),{(

yfxfyx

yfondependsxfyx

DD

DDD

⊆=

=η
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},,,,,{,},,,,,{

,},,,,{

765321764321

76321

54

76321

xxxxxxxxxxxx

xxxxx

xDxD

xDxDxDxDxD

==

=====

ηη

ηηηηη
 

 
}},,,,,{},,,,,,{},,,,,{{ 76532176432176321 xxxxxxxxxxxxxxxxxA

D
=⇒ η , 

  
Then we get Dτ  as follows: 
     
 }},,,,,{},,,,,,{},,,,,{,,{ 76532176432176321 xxxxxxxxxxxxxxxxxUD Φ=τ  
 
 
We observe that, Dττα ≤ , this leads to from the above contributions that }{α is the reduct 

and since, Ataa ∈∀,ττα f this leads to that }{α  is the PA. Then we can get the positive 
regions for each subset of At   with respect to D as follows: 
 

)()( XDPOS
D

AX
aa U

η

η
∈

=  for Ata∈  and  

)()( XDPOS
D

AX
BB U

η

η
∈

=  for any subset B of At. 

)()()()()(}{)(
},,{)( 32

DPOSDPOSDPOSDPOSDPOSDPOS
xxDPOS

δβαδβδαβαδβ

α

=====Φ=
=⇒

 

 
Then we can get the degree of dependency for each attribute as follows, 

 

U
DPOS

Da a )(
),( =γ  

For α=a , we get 
7
2),( =Dαγ  , for β=a , we get 0),( =Dβγ  and for δ=a , 0),( =Dδγ . 

But if we get the degree of dependencies for the other attributes we will find that  
                       
 0),()},,({)},,({)},,({ ==== DCDDD γδβγδαγβαγ  
  
Thus, the set of attributes of equal highest degree of dependency is the PA of our system. So 
we conclude that }{α  is the PA of our system and this is the same result that we got using the 
topology. 
 

},{}{)( KSAtRED == α                                                                (21) 
  
Now, from (20) and (21) we observe that the reduction that we got by using the GMDIS is 
contained in the reduction that we got using the discernibility matrix. Since, },{ KS is a 
subset of the most reducts founded by the discernibility matrix that is means our method for 
getting the reduction is more precise than using the discernibility matrix method in the SDIS.
  
 
7. Conclusion 
       This paper introduced a new approach for obtaining reducts in generalized multi-valued 
decision information system in a general case. This approach extended Pawlak approach if the 
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system is single valued and the relation is equivalence. The approach opens the way for other 
approaches of data reduction if we use the general topological recent concepts such as Pre-
open sets, Semi-open sets, etc. In many real life situations, the use of attributes in a single 
fashion is not represetable for the actual effect of attributes. So, it is necessary to consider 
subsets of the attributes as multi criteria. Our approach uses the general topological structures 
as a tool for defining reduction and basic RS concepts. The usual RS approach is a special 
case of our generalization. Since it depends on a certain type of topologies in which every 
open set is closed. Thus, we believe that the general structure is more near to reality.     An 
application of, rheumatic fever datasets has been chosen and the reduct approach has been 
applied to see their ability and accuracy. According to the natural of data, which we get from 
the application, we suggest the suitable conversion. Hence, we choose some condition 
attributes to be joined to make a multi-condition attribute and this choice not unique, but 
according to the expert. 
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Abstract: The fuzzy sets (FSs) and rough sets (RSs) are very important 
research areas, especially in Hybrid and Integrated Intelligent Systems, and 
Multi-Criteria Decision Analysis Problem.  In the real economic life, the 
optimum moment to replace equipment with a new one plays an important 
role. One can find that in the classical financial mathematics almost all 
models have as a goal to find the optimum moment to replace the 
equipment under the condition of the minimum expenses. These classical 
mathematical models do not keep some quantitative and qualitative 
parameters together on the one hand, and ignore some uncertainty, on the 
other hand. In this paper, a trial is presented to eliminate these deficiencies 
by applying fuzzy models. Three fuzzy models will be proposed, here. The 
first one is developed to find the best moment of the equipment 
replacement, while the second fuzzy model is given to select new 
equipment. The third one is presented to determine multiple Internal 
Revenue Rate (IRR), based on J.T.C. Mao's algorithm.  In all cases, the 
quantitative and the qualitative criteria will be taken into consideration. 
These models are based on the following principles: (1) the rigorous 
methods to transform all criteria into some fuzzy sets on the same universe; 
(2) the use of the appropriate aggregation operators (AOs) of the type of 
generalized means; and (3) the decision – making in the multifactor 
framework. Fuzzy models are accessible ones, easy to simulate and do not 
get a computation complexity.  Some examples will be presented for 
persons who are working in this area.  

 
Keywords: Rough Sets, Fuzzy Sets, Economical Models, Fuzzy Models, Aggregation 
Operators, Decision – Marking, Efficient Solutions,  IRR, Financial Analysis.  
 
1. Introduction   
 
The rapid changes that have taken place globally on the economic, social and business 
fronts characterized the 21st century. The magnitude of these changes has formed an 
extremely complex and unpredictable decision-making framework, which is difficult 
to model through traditional approaches. The most recent advances in the 
development of innovative techniques for managing the uncertainty that prevails in 
the global economic and management environments were presented in, [1, 2]. These 
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techniques originate mainly from FSs theory. However, the integration of FSs with 
other decision support and mode- ling disciplines,(such as multi criteria decision aid, 
neural networks, genetic algorithms, machine learning, chaos theory, etc) is explored 
in [1,2]. The presentation of the advances in these fields and their real world 
applications adds a new perspective to the broad fields of management science and 
economics. In the real economic life, there are many important problems that are 
playing important roles in this life such as: (1) The optimum moment for replacing 
equipment with a new one,[13] , (2) The selection of new equipment,[13],  (3) 
Decision Making, Management and Marketing,[2] , and (4) Multiple Fuzzy IRR in the 
Financial Decision Environment (S F González et al.[5]). 
 
 
In this paper we are going to solve these problems using fuzzy logic.  In [2], the 
following problems are studied, namely,  (1) Decision Making, Management and 
Marketing, (2) Algorithms for Orderly Structuring of Financial "Objects" (J Gil-
Aluja), (3) A Fuzzy Goal Programming Model for Evaluating a Hospital Service 
Performance (M Arenas et al.) ,(4) A Group Decision Making Method Using Fuzzy 
Triangular Numbers (J L GarcíaLapresta et al.), (5) Developing Sorting Models Using 
Preference Disaggregating Analysis: An Experimental Investigation (M Doumpos & 
C Zopounidis), (6) Stock Markets and Portfolio Management, (7) The Causality 
Between Interest Rate, Exchange Rate and Stock Price in Emerging Markets: The 
Case of the Jakarta Stock Exchange (J Gupta et al.), (8) Fuzzy Cognitive Maps in 
Stock Market (D Koulouriotis et al.), (9) Neural Network vs. Linear Models of Stock 
Returns: An Application to the UK and German Stock Market Indices (A Kanas), (10) 
Corporate Finance and Banking Management, (11) Expertons and Behavior of 
Companies with Regard to the Adequacy Between Business Decisions and Objectives 
(A Couturier & B Fioleau), (12) Multiple Fuzzy IRR in the Financial Decision 
Environment (S F González et al.) , and (13) An Automated Knowledge Generation 
Approach for Managing Credit Scoring Problems (M Michalopoulos et al.)  .  
 
2. Mathematical Model    
 
There are three model categories that reflect some kinds of certainty or uncertainty, 
namely, (i) Deterministic Mathematical Models (DMM),(ii) Probabilistic /Random 
Mathematical Models (PMM), and (iii) Fuzzy Mathematical Models (FMM) . Rand- 
omness is a deficiency of the causality's law, and fuzziness is a deficiency of the law 
of the excluded middle. Probability theory applies the random concept to generalized 
laws of causality – laws of probability. FSs theory applies the fuzzy properties to the 
generalized law of the excluded middle, the law of membership from fuzziness, 
[3,4].For solving any multi-criteria decision problem, using the classical mathematical 
models, do not keep some quantitative and qualitative parameters together on the one 
hand, and ignore some uncertainty, on the other hand. In this paper, a trial is presented 
to eliminate these deficiencies by fuzzy models. Three kinds of fuzzy models will be 
proposed, here. The first model is proposed to find the best moment of the equipment 
replacement [4], the second one is proposed to select new equipment, [4], and the 
third one is proposed to determine multiple Internal Revenue Rate (IRR). Based on 
J.T.C. Mao's Algorithm, [5]. In the first and the second models, the quantitative 
criteria (such as the price of acquisition, the amount of running expenses) and the 
qualitative ones (as: the reliability, the productivity, the color and so on) will be taken 
into consideration. These models are based on the following facts: (1) the rigorous 
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methods to transform all criteria into some FSs on the same universe; (2) the use of 
the appropriate AOs   of the type of generalized means; and (3) the decision – making 
in the multifactorial framework. These models are characterized by the following 
merits, namely, (1) they are accessible ones, (2) they are easy to simulate and (3) they 
do not get a laborious calculus.  
  
On applying the FMMs, there are two main problems, namely, (i) The determination 
of the MFs, and(ii) the utilization of an appropriate AO. Consequently, the fuzzy 
statistical methods and the method of comparisons will be used to determine the MFs. 
Also, the t-norms, t-co norms and weighted generalized means will be used to 
aggregate the FSs.  Many solved examples will be presented for good understanding,  
 
3.   A Fuzzy Multiple Attributes Decision Making Problem  
                         
3.1. Definitions and Abbreviations  
 

(1) A fuzzy set (FS) in the universe is defined as a pair {U, A}, where 
]1,0[: →UA  is MF, and A (u) is the degree of membership of u to the FS: A. 

For simplicity, it is denoted by the same letter, A, for the FS  as well as its 
MF. The collection of the FSs in, U, will be denoted by F(U) [13].  

 
(2) A fuzzy number 'A' is defined by Carlsson and Fuller [5], as a FS of the Real 

line with a normal convex (MF) of bounded support. .   
(3) The set of fuzzy numbers (FN) is denoted by F.   
(4) A FN with a single maximal element is called a quasi-triangular (QT) FN.    
(5) A FS  ' A 'is called a symmetric triangular (ST FN ) with center ' a ' and 

width'�' > 0 if its MF has the following form: 
 

                 | | | |

⎪
⎩

⎪
⎨

⎧ ≤−
−

−

otherwise0

if1 αta
α

ta=A(t) ,………………   (1)  

 
(6) Following Carlsson and Fuller, [5], one can use the notation A =( a , �) ,to 

denote such STFN .  If � =0 then A collapses to the characteristic function of 
{ a } � IR, and we write A = a .  A triangular fuzzy number (TFN) with 
center 'a', may be seen as a fuzzy quantity “x is approximately equal to a ”.  

(7) An aggregation operator (AO) is a mapping M: [0,1] n →[0,1].  
 
3.2. Description of the Problems  
 
Let U be a set of alternatives or strategies and G= {A1, A2… Am}  , is a set of goods 
or objectives or criteria. Some of these objectives should be linguistic variables. By an 
appropriate method one can transform every Ai, i � {1,2,…,m} into FS  in, U, that is 
to find the MF, Ai : U →[0,1].   
 
In this way, one has to define  a  Victorian function V: U →[0,1] m, where V(u) = 
(A1(u),A2(u),…,Am(u)). Through an AO, one can synthesize this vector into scalar, 
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that is the function M: [0,1]m →[0,1].  If there is u0  � U so that : u0  = U sup � M 
(V(u)), then u0 is the “good” alternative. This reasoning is summarized in Fig .(1) .  
In the classical financial mathematics almost all models have the target of finding the 
optimum moment to replace the equipment under the condition of the minimum 
expenses. Next, three kinds of models are proposed: (1) the first one is for the 
replacement of the equipment , (2) the second  one is for the choice of new 
equipment, and (3) the third one is to determine multiple IRRs, based on J.T.C. Mao's 
Algorithm. These fuzzy models take into account more conditions that can be either 
quantitative or qualitative in nature (got by linguistic variables). All the criteria are 
turned into the FSs of the same universe. 
 
 
                       

 
 
 
 
3.3. A   Multifactor Fuzzy Model  
 
Assuming the following criteria:  

(1)  T = [0,a], a > 0 be an interval of time, 
(2)  E, is the equipment  
(3)  The beginning of the operation is at the time t = 0,  
(4)  a1 is the residual value (value’s recovery), 
(5)  a2 is  the reliability,  
(6)  a3 is the technological wear,  
(7)  a4 is  the scientific depreciation of E,  
(8)  a5 is   the running’s expenses, 
(9)  a6 is   the upkeep’s expenses , ……,( n+3)  an: ………………………. 

 
 Corresponding to these criteria, one can obtain the FSs: Ai in the interval, T, that is:   
Ai � F(T), i = 1,2,…,n. For example, A3 (t) is the degree of the technological wear at 
the moment “t”, t �T.  
 
Now, how one can establish the MFs in order to keep the underlying properties of 
phenomenon? .The incremental method can be an appropriate one  for the A1, A2, 
A3,etc. 
 
The fuzzy statically experiments, considered under various forms (i.e. the method of 
comparison, preferred, absolute comparison etc.) lead to a good, MF, [3, 4]. All MFs 
can be approximated by piecewise linear fuzzy quantities, refer to Fig.(2). The MFs, 
Ai , are supposed to be continuous functions on the time interval, T. From the nature of 
criteria, two kinds of MFs are to be distinguished, namely, (a) non-increasing, and (b) 
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non-decreasing. Let us consider the AOs : D & C are defined  according to the 
following two equations : (2)& (3) .  
                           
 
           
 
 
 
 
 
 
 
 
  D (t) = ∑   α ik  A ik(t ) , ……………………     (2)  
             
 C (t) = ∑   β jk  A jk(t ) , ……………………      (3)  
 
For D(t) :   α ik  ε  [0,1] , ∑  α ik  = 1 , ik = 1,…..,p , and A ik is non-increasing , and for 
C(t) : β ik  ε  [0,1] , ∑  β jk  = 1 , jk = 1,….., q, and   Ajk  is non-decreasing .  
 It must be noted that: p + q = n, and t ε [0,T] .  From the above two equations (2) and 
(3), it is clear that the operator, C ,is a non-decreasing continuous function and D, is a 
non-increasing continuous function. These properties guarantee the existence of the 
solutions for the following equation:  
 
 C(t) = D(t) ,………………..         (4)  
 
If there exists a single point :t0  ε ( 0,T), as  a unique solution of the last equation (4), 
then ' to ' is “the best” moment to replace the equipment , refer to Fig. ( 3). If the set of 
solutions of the Equation (4) is an interval H = [t1,t2], then every point       
  t ε [t1, t2] ,  can be considered as a  “good” moment ,refer to Fig. (4). 
 

 
 
3.3.1. Numerical Example:  
 
Let T = [0, 6] , be the time interval. For simplicity, let us consider the following 
attributes: (i) the residual value, (ii) the reliability, (iii) the technological wear and (iv) 
the running’s expenses.  Let us suppose that the corresponding MFs are defined as 
follows:  
 
A1(t ) = 1- ( t 2 / 36) 

,  A2 ( t) = 1- ( t 2/25) , A3( t) = t2/ 25, A4(t)=  t2 / 49  
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It is clear that: (i) A1 & A2   are non-increasing functions and (ii) A3 & A4 are non-
decreasing functions.  Then, taking the average value (mean), and solving the Eq. (4) 
in time, t, one can get that :  
 
  (1-(t^2/25))/2 + (1-(t^2/36))/2 -   t^2(1/25 + 1/49)/2 =0 , …………………….. (5)   
 
The last  Equation,(5) , has in the interval:  T = [0,6] ,the unique solution:  t0   = 4,03,  
which is the best moment to replace the  equipment , refer to Fig. (5) . 
 
It must be noted that for higher order MF (the degree is more than two), one can solve 
this problem using numerical methods to find the best moment for the equipment 
replacement by the simulation aid.  
 
3.4. A Fuzzy Model for New Equipment: Selection:   
 
Let us consider the following assumptions and criteria: (i) the existence of a DB about 
the type of the equipment that will be selected , (ii)Let   U = {E1, E2…Em}, be the set 
of the supply equipments , (iii)It is necessary to choose an equipment, Ej , looking for 
the following criteria : (1) b1 is  the price of acquisition , (2) b2 is the operation’s 
expenses , (3) b3 is the maintenance’s expenses , (4) b4 is the reliability in the running, 
(5) b5 is  the productivity, (6) b6 is the longevity , …………………………… 
(iv)Corresponding to these features, one can obtain the FSs: B1, B2… B6,…,Bn 
respectively a “good price”, a “good longevity”, defined on the universe U = {E1, 
E2,…,En}. For example, B1(E1) is the degree that the equipment,E1 ,has a “good 
price”. Similarly, one can interpret Bi(Ek), as the degree that the Ek has a “good Bi”.   
But, how can one find the degree of membership of Ek to the FS   “good Bi”? . This 
can be known from a DB, where the values of ,Bi ,can be found for every Ek. For 
example, the price of acquisition of the equipment Ek is Pk  . We order the set P = {Pk} 
into an increasing row: {P1k, , P2k,  ….,  Pmk  } , and then define :  
                       
     B1 (E k1 ) = Pk1 / Pk1  = 1 , and    B1 (E k j ) = Pk1 / Pk j   , ……………………( 6) 
 
Similarly, one can proceed for B2 and B3. In the cases of B4, B5, B6 the corresponding 
values must decrease in order. For example, we have:  T = {tk } , the set longevity of 
the equipments Ek  (k = 1,2,…,m). If we denote, tk, as the maximum value of { t k } 
,i.e. tk= max{tk}, then:  
 
                      B6(Ek1 ) = t k1 /t k1   = 1 , and B6 (Ek j ) = t k j  / t k1 ,  ………………………….  (7) 
 
Obviously for some Bj, one can use other methods in accordance with the nature of 
the criteria bj. There is a class of non-decreasing and a class of non-increasing MFs. In 
this way, one can obtain a mapping V from U to [0, 1], defined as follows:  
 
                    V(Ek) = (B1(Ek),B2(Ek),…,Bn(Ek)) ,………………………   (8) 
 
Now all information keep by V (Ek) can be synthesized through an operator  
M: [0,1]n→[0,1], defined by: 
 
                                    M(V(Ek)) = ∑ a i Bi (Ek) ;…………………………………. ( 9)  
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The weights, ai  , reflects the degree of the criterion importance in the decision-
making, and ∑ a I =1 . This operator, M, led to a new FS in U “the best equipment”. 
The number M (V (Ek)) is the degree of membership of Ek to this set. If M (V (Eq)) is 
the maximum, that is: 
 
                              
                           M (V (Eq)) = max (V(Ek)) ,…………………………          (10) 
                                                    k 
Then, the equipment Eq is selected. 
 
3.4.1. Numerical Example:   
 

 
 
 
 
It is required to choose “the best equipment” between '5 'supplies taking into account 
the following criteria: (i)the price of acquisition,  (ii)the expenses of operation,  (iii) 
the reliability and (iv) the productivity. From the supply information and the 
estimation of the experts the vectors V(Ek) are obtained, which are represented by the 
rows given in the following Table (1): 
 
 E1 E2 E3 E4 E5 
B1 .7 .3 .5 .8 .4 
B2 .4 .7 .6 .3 .8 
B3 .3 .7 .7 .4 .7 
B4 .5 .6 .8 .3 .7 
 
                                                   Table (1)  
 
Taking the weights: a1=1/2, a2= 1/3, a3= 1/12, and a4= 1/12  ,  ( ∑  aii = 1 )  ,   then the 
vector M(V(Ek) from  Eq. ( 8 ) will have the following form :  
 
        M(V(Ek))=(0.550, 0.491,575,-5583,· 5833).,…………………………………(11)    
 
It is clear that: M(V(E5)) = max M(V(Ek)) = · 5833. Therefore, the equipment E5 is 
“the best one”. It must be noted that for large scale Tables (for example  m*n , where 
'm' is the number of criteria, and 'n' is the number of equipments ), then one can use 
the digital computer for solving this problem .    
 
 
3.5. Multiple Fuzzy IRR in the Financial Decision Environment:  
 
In [5], a new fuzzy methodology was presented  to determine multiple IRRs, based on 
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J.T.C. Mao's Algorithm.  Also,  an alternative algorithm that exhibits a high level of 
efficiency and efficacy to solve the multiple IRR problem, was also presented ..The 
analysis and algorithms presented there have not been reported so far in the fuzzy 
literature. It is known for all that the goal of any investment project evaluation is to 
determine a measure of the investment,.  [Terceño Gómez A. et al [6]).  That measure 
is an indicator that leads to a decision to reject or accept the investment. The financial 
evaluation of any company requires four factors , to efficiently guide the evaluation 
criteria to be applied., namely, (i) the determination of the cash flow, (ii) the planning 
horizon (lifetime), (iii)the interest rate, and (iv) the behavior of the cash flow with 
time.[5]  According to Mendoza [5], all companies search the efficient assignment of 
financial resources (the necessary assets to be productive), pursuing the goal at long 
term, from a financial perspective.  Many investment projects can be justified, but not 
all of them can be accomplished.  That is the main reason to establish a hierarchy and 
select to most profitable ones.  To reach this goal, you need to evaluate each of the 
multiple investment possibilities present to the company at a given moment. The 
traditional criteria are efficient when the information is well-behaved or it can be 
analyzed with probabilities.  Nevertheless, these perceptions have taken place in 
several occasions, through reasoning based in the concept of precision and have been 
formalized through the classical mathematical schemes.  The result is a set of models 
that constitute a modified reality that adapts to our mathematical knowledge, instead of 
the other way around, an adaptation of model to the facts.  That is the reason why the 
main mathematical tool to handle uncertainty is fuzzy theory, with all of its variants.  
On the other hand, likelihood is treated with probability theory.  An analysis of 
investment evaluation in the presence of multiple financial decisions in a fuzzy 
environment was presented,[5,6] .The fuzzy IRR with multiple cash flow was studied 
in,[ 5], using  fuzzy cash flow and interest rates to determine the Internal Revenue Rate 
(IRR).  The analysis uses the fuzzy number criteria. 
 
4. Conclusion  
 

Fuzzy theory has not been well known, or even unknown, as much by the pure 
mathematicians as by the specialists in applied mathematics.  Recently, there has been 
a change and now it is known better how to separate and associate, when necessary, 
what is measurable, and what is not, [5].  In this paper, three problems were anal sized 
and solved using fuzzy models. It is concluded that :  (a) These  fuzzy models are 
based on the following principles :(1) the rigorous methods to transform all criteria 
into some fuzzy sets on the same universe;  (2) the use of the appropriate AOs of the 
type of generalized means; and (3) the decision – making in the multifactor frame- 
work. (b) These Fuzzy models are accessible ones, easy to simulate and do not get a 
computation complexity.   
(c) Many problems are solved using this fuzzy logic (such as in Management, 
Economics, Marketing, Engineering, etc. Some numerical examples were presented 
for persons who are working in this area. 
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Abstract: Rule based systems store knowledge as a set of rules and reason 
over them to solve problems. A new hype rough net approach for rule 
generation, representation and reasoning of knowledge-based system using 
rough sets and Petri nets is presented in this paper. A Rough Petri Net (RPN) 
is proposed for representing knowledge and formalism for the verification of 
rule-based systems.  The main stages of the proposed approach are: Rules 
will be first generated and normalized, then transform the normalized rules 
into a Rough Petri net, and finally we verify these normalized rules. A rough 
Petri net model (RPN) is presented to represent the rule of a rule-based 
system in which a rough production rule describes the rough relation between 
two propositions. An algorithm is presented for checking the consistency of a 
rough knowledge based via a set of reduction rules that preserve the 
properties of the RPN. 

 
Keyword:   Reasoning, Petri net, rough sets, Rule generation, Knowledge-based system 
   

1. Introudction 

Knowledge representation and reasoning (KRR) is the study of how knowledge about the 
real world domain can be represented and what kinds of reasoning can be done with that 
knowledge [12]. Many of the broad topics within Artificial Intelligence and Computer 
Science in general (such as reasoning, knowledge engineering, data acquisition, search 
techniques, human-computer interaction, and others) rely on representations of knowledge 
[3,9].   

Petri Nets (PNs) have ability to represent and analyze in an easy way concurrency and 
synchronization phenomena, like concurrent evolutions, where various processes that evolve 
simultaneously are partially independent[1,2,10]. Furthermore, PN approach can be easily 
combined with other techniques and theories such as object-oriented programming, fuzzy 
theory, neural networks,[6,11] etc. These modified PNs are widely used in computer; 
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manufacturing, robotic, knowledge based systems, process control, as well as other kinds of 
engineering applications. PNs have an inherent quality in representing logic in intuitive and 
visual way. The reasoning path of expert systems can be reduced to simple sprouting trees if 
Fuzzy Petri Nets (FPN)-based algorithms are applied as an inference engine[4,8]. Many 
results prove that FPN is suitable to represent and reason misty logic implication relations. 
FPN is widely applied in knowledge system representation and redundancy reduction.   

In this paper we introduce a rough Petri net model for rule representation. Based on this 
model we can answer quarries with imprecise information. Moreover we can impose the 
degree of truth onto transition of Petri net and compute the truth value of associated 
transition in algebraic form based on the state equation. 

The paper is organized as follows: Section 2. introduce brief introduction of rough set. A 
formal description of the model RPNM is introduced in section 3. In section 4, we introduce 
Attribute and Rule Reduction in RPNM. A RPNM Verification Methodology is described in 
section 5. A Production Rough Rule and Reasoning Algorithm will be introduced in section 
6.Finally a conclusion and future work will be discussed in section 7.   
 

 
2. Rough Sets: Basic Concepts  

 
Rough sets theory has been proposed by Pawlak [18,19] for knowledge discovery in 

databases and experimental data sets. The main objective of rough set mediated data analysis 
is based on the concept of an upper and a lower approximation of a set, the approximation 
space and models of sets.  The structure of data    is represented in the form of information 
system or, more precisely, the special case of information system called decision table. 
 
An information system can be represented as 
 

{ }fVQUS ,,,=           (1) 
 

Where U  is the universe, a finite set of  N  objects { }nxxxx ,....,,, 321   (a nonempty set), Q  

  Is a finite set of attributes,  qQq VV ∈= U    (where  qV  is a domain of the attribute q ),    
VUxQf →: is the total decision function (called the in, VDcUxf →∪ )(: formation 

function) such that    qVqxf ∈),(  for every ., UxQq ∈∉   A subset of attributes  QA ⊆  an 
equivalence relation (called an indiscernibility relation) on  U  such that  
 
 )},,(),(,:),{()( ayfaxfAaUyxAIND =∈∀∈=  
For more information about rough set one can refer to [18,19]. 
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3.  Rough  Petri Net Model (RPNM) 
 

This section introduces the rough Petri net approach to model the knowledge 
representation and verification.   

 
Formal Definition ( RPNM): Rough Net structure can be defined as a 10 –tuple: 
 

).,,,,,,,,,( StrCovCerRRIFTPRPNM outinη=   

 
Where 

- },....,,{ 21 npppP =  is the finite set of places 

- },...,,{ 21 ntttT =  is the finite  set of transitions 

- )()( TxPPxTF U⊆   is the set of arcs 

- 
[ ]

decision. class  therespect to with P placeby  drepresente 
attribute a of dependency of degree therepresent  1,0  where:},....,,{

i

i21 ∈= ηηηηη n  

 
- }1,0{: →PI  Is a rough marking function it represents the distribution of token 

over places. The rough marking function illustrates the degree of completion of 
the rough event as a result of the processes of the rough reasoning 
rules. markednot  is P if 0 I , Pin  token a is  thereif 1 I   where.,.........3,2,1, iiii === niIi

. The initial marking is denoted by I0 . 
- { }0,1PxT mapping a is →inR  Corresponding to the set of directed arcs from 

proposition to rules. 

- 
. T  toP from arc directed   no is  thereif 0),( and

n 1,2,......j andn 1,2,......ifor  T  toP from arc directed a is  thereif 1),(

ji

ji

=

===

jiin

jiin

TPR

TPR
 

- { }0,1PxT mapping a is →outR  corresponding to the set of directed arcs from rule 

to proposition  

. P   toT from arc directed   no is  thereif 0),( and

n 1,2,......j andn 1,2,......ifor  P  toT   from arc directed a is  thereif 1),(

ij

ij

=

===

jiout

jiout

TPR

TPR
 

- ]1,0[: →Tcer  Is a certainly factor. 

- ]1,0[:cov →T  Is a coverage factor. 

- ]1,0[: →Tstr  Is a strength factor. 
 
Execution rules of RPNM:   
 
An essential feature of RPNM is that it can be executed; here we will introduce the 
enabling and firing rule of RPNM. A rule Ti is enabled means that the condition of the 
rule has been satisfied and the associated rule is activated [17]. This condition is fulfilled 
if and only if each input proposition is marked by token.  
Enabling rule Ti at a marking I, resulting a new marking I ′ such that  
 

•     A token will be added to each output place of the enabling transition. 
 

 



 28

•      )(Psuch that k    1,2,...j ,)max()(P )(R Peach  jiout i jinji TRTfor ∈==∈ ηη  

 
•          

)(Psuch that k    1,2,...j ,)max()(P  where)(P*)()(

)(Psuch that k    1,2,...j ,)max()(P  where)(P*)()(

)(Psuch that k    1,2,...j ,)max()(P  where)(P*)()(

jii

jii

jii

jinjii

jinjii

jinjii

TRTstrTStr

TRTCovTCov

TRTcerTCer

∈===

∈===

∈===

ηηη

ηηη

ηηη

 

 
 
 
Now we will illustrate how RPNM model can be used to model the structure properties and 
describe the dynamic behavior of the following rough rule. 
 

Disease (yes) AND Age (old) => Test (+) 
 
 

The description of places and transitions of the MFPN model shown in figure 1  are as 
follows: 
P1: represent the antecedent proposition 1 (disease is yes) with its degree of dependency 1η  
 
P2: represent the antecedent proposition 2 (age is old) with its degree of dependency 2η  
T1: represents the min composition operation of the antecedent propositions of the rule with 
coverage, strength, and certainly factors Cov(t1), Str(t1), and Cer(t1) respectively. 
 
P3: represent the degree of truth of test is +. 
 
 
 

old) is (1 ageη

yes is (2 diseaseη

))1(
),1(
),1((

tStr
tCer
tCov

1T ),(max ) is ( 21 ηηη =+test

1P

2P

3P

 
 
 

Figure 1.  RPNM model of the rough rule Disease (yes) AND Age (old) => Test (+) 
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The generated model is developed according to the following steps: 
 
Step1:  The input attributes for rules is represented as a set of places. 
 
Step2:  Construct a set of input object distribution transitions, where these transitions 
 are used to distribute the desired input attributes to the common propositions 
 of the second antecedent part of the rule. 
Step3:  Calculate the firing strength for each rule according to execution rules of  
 RPNM. 
Step 4: Determine the winning rule that has highest confidence among the activated 
  rules. 
 
 
4 Attribute and Rule Reduction in RPNM 
 
4.1 Attribute Reduction Rules 
 
The place Pi can be suppressed (deleted with its arcs) according to the following rules [5]: 
 
 

• Rule 1- the output transition of place Pi have no other input places than Pi  and  Pi  is 
pure i.e. there are no transition which are both input and output transition of Pi.  

 
• Rule 2- If the place Pi    is implicit i.e. the marking in this place never forms an 

obstacle to the firing of its output transition.     
• Rule 3- The marking of Pi  can be deduced from the marking of other places by 

relation 
βα += ∑

≠

))(()( k
ik

ki pMpM
    where kα is a rational number positive or null, 

and β  is a rational number. 
 

4.2 Rule Reduction algorithm 
 
A transition Ti and its input and output arcs can be suppressed according to the following 
rules[15]: 
 
Rule 1- the set of input place of a transition Ti is identical to the set of its  

Output places (i.e.  
 

).(R P placeevery for  ),pre(P ),(PPost such that  T iniiik iiki TTTTif ∈≥≠∃ .  
Rule 2-   
 

           

).()(R and )()(Rsuch that  T  outink kjoutkikink TRTTRTIf ==∃
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Rule 3- If Ti is a self loop transition ( )()(R .. in ioutii TRPTei == ). Suppressing Ti  includes 
first to delete its input and output arc to and from Pi, and delete the transition Ti  if 
it is isolated.    

 
5. RPTNM Verification Methodology  
 
In this section we will use RPTNM as knowledge representation formalism where structural 
and behavioral properties of the net can be used to verify the knowledge base integrity. In 
rough set environment, the issues of concern when talking about integrity checking are the 
definition of concepts such as inconsistency, redundancy and completeness [14].  
 
Petri net provide a tool to investigate all the properties of the net which is reachability tree 
[13,16]. Reachability tree is made up of nodes which correspond to the reachable markings 
and each directed edge represents transition firing and connect one node to another resulting 
in the passing from one marking to another. 
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Figure 2 show examples of the 3 rules reduction 
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The reachabilty tree of RPTNM algorithm is given as follows: 
 
 
Input:    a vector V of nodes denoted the initial marking. 
Processing: 
  Step 1: label the initial marking M0 as the root 
 

  Step2: for all enabled transition ns transitioenabled ofnumber n ,,........3,2,1, == niti  under 
the current marking M 

  Step 3: loop 
2.1 Generate a new marking and update V according to the new marking, and 

add an edge labeled by { }ntttT ,......,, 21= from the original node to that 
node.  

     
2.2 If there is a marking Mj=Mi on the path from M to Mi, then Mi has no 

successor. 
2.3 If there is a marking Mj on the path from M to Mk such that Mk>Mj, then 

w is placed for each of the components greater than the component Mj. 
This component ω  remain with no change for any firing transition. 

 
2.4   If the new marking MM =′ , then the set of transitions do not change the 

current marking. We add an edge labeled T from the current node to itself. 
 

2.5 Go back to step 2. 
 
Output:    reachability tree 
  
 
6. Production Rough Rule and Reasoning Algorithm  

  
The rough rule production and reasoning algorithm is given in the following section. 
 
Based on the model and execution rules of RPNM, we can study the reasoning algorithm to 
obtain the final reasoning results from the initial truth degree of propositions. 
 
 
Input:    Decision table Ω>Ω=<Γ εqqq fVU ,,,  
Output: Reasoning model corresponding to the decision system 
 
Processing: 
 
     Step 1: build RPNM for the generated rule. 
 
      Step 2: while there is an enabling transition loop 
 
               Step 2.1: apply firing execution rule these step generate a new marking Mi  
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               Step 2.2: check if Mi    = Mi-1  , if true go to step 3, otherwise go to step 2 
 
Step 3:   Apply attribute and rule reduction. Drive a reduct model 
Step 4:   Verify the model and drive a verified model by:  

o Remove the inconsistent  rules 
o Remove the conflict rules 
o Remove redundant rules  

  
Output: Reasoning model corresponding to the decision system 
 
 
7. Conclusion and Future Work 
 

 A rough net model is presented to represent the rough production rule of a rule-based 
system in which a rough production rule describes the relation between two propositions. 
Based on the rough net model, an algorithm is proposed to perform rule verification 
automatically. It can determine whether an antecedent-consequence relationship exists 
between two propositions. The formal description of the model and the rule verification 
algorithm are shown in detail with examples. In the future work an investigation of using the 
RPNM with the proposed reasoning algorithm to predict a class decision in some medical; 
applications  
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Abstract: Decision theory considers how best to make decisions in the 
light of uncertainty about data. There are several methodologies that may 
be used to determine the best decision. In rough set theory, the 
classification of objects according to approximation operators can be fitted 
into the Bayesian decision–theoretic, with respect to three regions 
(Positive, Negative and Boundary region). Granulation using equivalence 
classes is a restriction that limits the decision makers. In this paper, we 
introduced a generalization and modification of decision–theoretic rough 
set model by using granular computing on general binary relations. We 
obtain two new types of approximation that enable us to classify the 
objects into five regions instead three regions. The classification of 
decision region into five areas will enlarge the range of choice for decision 
maker 

.   
Keywords: Decision Analysis, Granulation, Binary Relations.    
 
1. Introduction 
  
 Making decisions is a fundamental task in data analysis. Some methods have 
appeared to make a decision. Yao et. al. (1992) proposed and studied a more general type 
of rough set approximations via Bayesian decision theory. In Section 2 we give a brief 
overview of granulation structures on the universe. One is defined by an equivalence 
relation due to Pawlak (1982) and the other by a general relation proposed by Rady et. al. 
(2004). Approximation structures are discussed for each type of granulation. Section 3 
discusses a decision-theoretic model of rough sets under equivalence relations given by 
Yao et. al. (1992). Our main contribution is to introduce a general decision theoretic 
model of rough sets using a general relation. The resulted granulation induces 
approximation different from that due to Pawlak. This enables us to construct two new 
approximations, namely, semi lower and semi upper approximation which is useful in the 
partition of boundary region specially and the universe in general with respect to any 
subset of the universe. 
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2. Granulation of universe and rough set approximations 
 

In rough set theory, indiscernibilitiy is modeled by an equivalence relation. A 
granulated view of the universe can be obtained from equivalence classes. By 
generalizing equivalence relations to binary relations, one may obtained a different 
granulation of the universe. For any kind of relations, a pair of rough set approximation 
operators, known as lower and upper approximation operators, can be defined in many 
ways [Pawlak (1982), Rady et. al. (2004)] . 
 
2.1. Granulation by equivalence relation: 
 
Let UUE ×⊆  be an equivalence relation on finite non-empty universeU . The 
equivalence class, 

 
}:{][ yExUyx E ∈=  

 
Consists of all elements equivalent to x , and is also the equivalence class containing x  . 
 
In an approximation space apr = (U, E), Pawlak (1982) defined a pair of lower and upper 
approximations of a subset UA ⊆ , written as )(Aapr and )(Aapr  or simply A  & A as 
follows : 

}][:{ AxUxA E ⊂∈=  
 

}][:{ Φ≠∈= AxUxA E I  
 
The lower and upper approximations have the following properties: 
 
For every A and UB ⊂ and every approximation space ),( EUapr =  
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 Moreover, for a subset UA ⊆ , a rough membership function is defined by Pawlak 
et. al.(1994): 

 
E

E
A x

Ax
x

][
][

)(
I

=µ  

Where .  denotes the cardinality of a set. The rough membership value )(xAµ may be 
interpreted as the conditional probability that an arbitrary element belongs to A given that 
the element belongs to Ex][ . 
 
2.2. Granulation by general relation  
 

Let U be a finite universe set and E is any binary relation defined on U, and S be 
the set of all elements which are in a relation with certain x  in U, for all Ux∈ . In 
symbols, 
 

}},{{ UxxES ∈∀=  ,    Where  },;:{}{ UyxxEyyxE ∈=  
 

Define β  as the general knowledge base (GKB) using the arbitrary intersections 
of the members of S. The member that will be equal to any union of some members of β  
must be omitted. That is, },;{ isomeforSandSSSSS iijijii UI ≠⊂== βββ . The 
pair ),( EUapr =β will be called the general approximation space based on the general 
knowledge base β . 
 

Rady et. al. (2004) extend the classical definition of the lower and upper 
approximations of any subset A of U to take these general forms 
 

}:{)( AAapr xx ⊂= ββ
β

U    and     }:{)( Φ≠= AAapr xx IU βββ  

 
Where xβ  denotes the subset of β  containing x . 
 

These general approximations satisfy all the properties introduced in (2.1) except 
for properties (8, 9, 10 and 11). This is the main deviation that will help to construct our 
new approach. 

 
For granulation by any binary relation, Lashein et. al. (2005) defined a rough 

membership function as follows: 
 

x

x
A

A
x

β
β

µ
I

II )(
)( =  . 

 
2.2.1. Granulation by general relation in multivalued information system  

 
 For a generalized approximation space Ezzat (2004) defined a multivalued 

information system. This system is an ordinary information system whose elements are 
sets. Each object has number of attributes with attribute subsets related to it. The 
attributes are the same for all objects but the attribute set-valued may differ. 
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A multivalued information system (IS) is an ordered pair ( Ψ,U ), where U is a 
non-empty finite set of objects (the universe), and Ψ  is a non-empty finite set of 
elements called attributes. Every attribute Ψ∈q  has a multivalued function qΓ , which 
maps into the power set of qV , where qV  is the set of allowed values for the attributes. i.e., 

)(: qq VU P→Ψ×Γ  . 
 
 The multivalued information system may also be written as  
   
  MIS = 

Ω∈
ΓΨ

qqqVU ,,,  

 With a set Ψ⊆P  we may associate an indiscernibility relation on U, denoted by 
)(Pβ  and defined by  

 
 .),()()(),( PQyxPyx ∈∀Γ⊆Γ∈ qqiffβ  
 
 Clearly, this indiscernibility relation doesn't perform a partition on U.  
 
Worked Example (1): 
 
 In Table (1), we have ten persons (objects) with attributes reflecting each situation 
of life. Consider that we have three condition attributes namely, Spoken Languages, 
Computer Programs and Skills. Each one was asked about his adaptation by choosing 
between {English, German, French} in the first attribute; {Word, Excel, Access, Power 
Point} in the second attribute; {Typing, Translation} in the third attribute. Let ia  be the 

thi  value in the first attribute, jb  be the thj  value in the second attribute and kc  be the thk  
value in the third attribute.  
 
  

 
  Spoken 
Languages
     ( 1T ) 

Computer   
programs 
   ( 2T ) 

 
  Skills 
   ( 3T ) 

1x   { 32 ,aa } { 431 ,, bbb }   { 21,cc } 

2x     { 2a }   { 41,bb }    { 2c } 
3x   { 21,aa } { 421 ,, bbb }    { 2c } 

4x     { 1a }  { 31,bb }    { 1c } 

5x  { 321 ,, aaa }    { 2b }    { 1c } 

6x    { 2a } { 431 ,, bbb }  { 21 , cc } 

7x   { 31,aa }   { 31,bb }    { 1c } 

8x   { 31,aa }   { 31,bb } { 21,cc } 

9x     { 1a }  { 32 ,bb }   { 2c } 

10x   { 21,aa }  { 21,bb }   { 2c } 
 

Table 1:   Multivalued information system 
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The indiscernibility relation for C= { 321 ,, TTT } will be 
 

),,(),,(),,(),,(),,(),,(),,(),,(),,(),,{()( 84744433226232221211 xxxxxxxxxxxxxxxxxxxxC =β
               )},(),,(),,(),,(),,(),,(),,(),,(),,( 101031099888777665594 xxxxxxxxxxxxxxxxxx  
 
It's easy to see that )(Cβ  doesn't perform a partition on U in general. This can be seen via 
 

}},{},{},,{},{},{},,,,{},{},,,,{},{{)( 310987659874363211 xxxxxxxxxxxxxxxxxCU =β . 
 
Obviously, the )(CU β  is the set S defined in the general approach in Section 2.2. 
 
3. Bayesian decision-theoretic framework for rough sets  
 

In this section, the basic notion of the Bayesian decision procedure is briefly 
reviewed (Duda & Hart, 1973). We present a review of results that are relevant to 
decision-theoretic modeling of rough sets induced by an equivalence relation. A 
generalization and modification of decision-theoretic modeling induced by general 
relation is applied on the universe. 
 
3.1. Bayesian decision procedure  
 

Let },...,{ 1 sωω=Ω  be a finite set of s states of nature, and let =A },...,{ 1 maa  be 
a finite set of m  possible actions. Let )/( XP jω  be the conditional probability of an 
object x  being in state jω  given the object is described by X . 

Let )/( jia ωλ  denote the loss for taking action ia  when the state is jω . For an 
object with description X, suppose that an action ia  is taken. Since )/( XP jω  is the 
probability that the true state is jω  given X, the expected loss associated with taking 
action ia  is given by: 

)/()/()/(
1

XPaXaR jji

s

j
i ωωλ∑

=

=  

and also called the conditional risk. Given description X, a decision rule is a function 
)(Xτ  that specifies which action to take. That is, for every X, )(Xτ  assumes one of the 

actions, maa ,...,1 . The overall risk R is the expected loss associated with a given decision 
rule. Since )/)(( XXR τ  is the conditional risk associated with the action )(Xτ , the 
overall risk is defined by: 
 
 R ∑=

X
XPXXR )()/)((τ  

 
where the summation is over the set of all possible description of objects ,i.e., entire 
knowledge representation space. If )(Xτ  is chosen so that )/)(( XXR τ  is as small as 
possible for every X, the overall risk R is minimized. Thus, the Bayesian decision 
procedure can be formally stated as follows. For every X, compute the conditional risk 
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miforXaR i ,...,1)/( =  and then selected the action for which the conditional risk is 
minimum.  
 
3.2. Decision- theoretic approach of rough sets (under equivalence relations)  
 

Let apr = (U, E) be an approximation space where E is equivalence relation on U. 
With respect to a subset A⊆U one can divide the universe U into three disjoint regions, 
the positive region POS(A), the negative region NEG(A) and the boundary region 
BND(A). 
 

)()()(

)(

)()(

AaprAaprABND

AUANEG

AaprAPOS

−=

−=

=

 

 
 

 
 
     
      U  
      
      
       A  
 
 
        A  
     
 
 
       A  

 
 

 
In an approximation space apr = (U, E), the equivalence class containing x , [ x ] E , 

is considered to be description of x . The classification of objects according to 
approximation operators can be easily fitted into Bayesian decision-theoretic framework 
(Yao, et. al. (1992)). The set of states is given by },{ AA −=Ω indicating that an element 
is in A and not in A, respectively. With respect to the three regions, the set of actions is 
given by =A },,{ 321 aaa , where 321 ,, aandaa  represent the three actions in classifying 
an object, deciding POS (A) deciding NEG (A) and deciding BND (A) respectively. 
 

Let )/( Aaiλ  denote the loss incurred for taking action ia when an object in fact 
belongs to A, and )/( Aai −λ denote the loss incurred for taking the same action when the 
object does not belong to A, the rough membership values )]/[()( EA xAPx =µ  and 

)]/[(1)( EA
xAPxC −=µ  are in fact the probabilities that an object in equivalence class 

                          NEG(A) 

                  BND(A) 
 
 
 
 
 

Pos(A) 
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Ex][ belongs to A and –A respectively. The expected loss )]/[( Ei xaR associated with 
taking the individual actions can be expressed as: 
 

)]/[()]/[()]/[(
)]/[()]/[()]/[(
)]/[()]/[()]/[(

32311

22212

12111

EEE

EEE

EEE

xAPxAPxaR
xAPxAPxaR
xAPxAPxaR

−+=
−+=
−+=

λλ
λλ
λλ

  

 
where )/(,)/( 21 AaAa iiii −== λλλλ and 3,2,1=i . 
 
The Bayesian decision procedure leads to the following minimum-risk decision rules: 
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Based on 1)]/[()]/[( =−+ EE xAPxAP , the decision rules can be simplified by using 
only probabilities )]/[( ExAP . 
 

Consider a special kind of loss with 213111 λλλ <≤  and 123222 λλλ <≤ . That is, 
the loss for classifying an object x belonging to A into the positive region is less than or 
equal to the loss of classifying x into the boundary region, and both of these losses are 
strictly less than the loss of classifying x into the negative region. For this type of loss 
functions, the minimum -risk decision rules (P)-(B) can be written as: 
 

).(,)]/[()(
);(,)]/[()]/[()(

);(,)]/[()]/[()(

ABNDxAPIfB
ANEGxAPandxAPIfN

APOSxAPandxAPIfP

E
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αβ
γβ
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≤<′
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≥≥′

 

where, 
 

)()( 12113231

3212

λλλλ
λλα

−−−
−

=  

 

)()( 12112221

2212

λλλλ
λλγ

−−−
−

=  

 

)()( 32312221

2232

λλλλ
λλ

β
−−−

−
=  

 
From the assumptions, 213111 λλλ <≤  and 123222 λλλ <≤  it follows that ]1,0[∈α , 

)1,0(∈γ  and )1,0[∈β . Note that the parameters ijλ  should satisfy the condition βα ≥ . 
This ensures that the results are consisted with rough set approximations. That is, the 
boundary region may be non- empty. 
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3.3. Generalized Decision theoretic approach (under general relation) 
 

Define an approximation space apr = (U, E), where E be any binary relation 
defined on U. Since the general approximations cannot satisfy the properties (10, 11) in 
(2.1), we can define tow new approximations, namely, semi lower and semi upper 
approximation as follows: 

β
β )()( AAAsemiL I=  

ββ )()( AAAsemiU U=  

where .)()( UAAsemiUAAsemiLA ⊆⊆⊆⊆⊆ ββ  
This enables us to divide the universe U into five disjoint regions as follows: 
 

POS(A)  ,  SemiL(A)- βA   ,  SemiBND(A)  ,  βA -SemiU(A)  ,  NEG(A) 
 
where, 
 

SemiBND(A) = SemiU(A) - SemiL(A) 
 

 
 
 
 
 
 
    U 
  
      
      βA  
   

)(AsemiU  
 
        A  
     

)(AsemiL  
 
       βA  

 
 
 

 
 
In this case, the set of states remains },{ AA −=Ω but the set of actions becomes 

A = },,,,{ 54321 aaaaa where 1a , 2a , 3a , 4a and 5a represent the five actions in classifying an 

object deciding POS(A), deciding SemiL(A)- βA , deciding SemiBND(A), deciding βA -
SemiU(A),and deciding NEG(A),respectively 

                                NEG(A) 

                          βA -SemiU(A) 

                SemiBND(A) 
 
 
 
 
 

βAASemiL −)(  

Pos(A) 
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In an approximation space apr = (U, E), where E is a binary relation, an element 
x  is viewed as xβ (a subset of GKB containing x ). Since β  doesn't perform a partition 
on U in general, then we consider that xβI  be a description x . The rough membership 
values )/()( xA APx βµ I=  and )/(1)( xA

APxC βµ I−=  are in fact the probabilities that 
an object in xβI belongs to A and –A respectively. The expected of loss )/( xiaR βI  
associated with taking the individual actions can be expressed as: 
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The Bayesian decision procedure leads to the following minimum-risk decision rules: 
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Since 1)/()/( =−+ xx APAP ββ II , the above decision rules can be simplified such that 
only the probabilities )/( xAP βI  are involved. 
 

Consider a special kind of loss function with 
12223242525141312111 , λλλλλλλλλλ <≤≤≤<≤≤≤ . 

For this type of loss functions, the minimum-risk decision rules (1)-(5) can be written as: 
 
( )1′ )(,)/(,)/(,)/(,)/( APOSeAPdAPcAPbAPIf xxxx decide≥≥≥≥ ββββ IIII  
( )2′ βββββ AASemiLlAPgAPfAPbAPIf xxxx −≥≥≥≤ )(,)/(,)/(,)/(,)/( decideIIII  
( )3′ )(,)/(,)/(,)/(,)/( ASemiBNDnAPmAPfAPcAPIf xxxx decide≥≥≤≤ ββββ IIII  
( )4′ )(,)/(,)/(,)/(,)/( ASemiUAqAPmAPgAPdAPIf xxxx −≥≤≤≤ βββββ decideIIII  
( )5′ )(,)/(,)/(,)/(,)/( ANEGqAPnAPlAPeAPIf xxxx decide≤≤≤≤ ββββ IIII  
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where, 
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A loss function should be chosen in such a way to satisfy the conditions: 
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These conditions imply that ( ) ( ))()()( ASemiUAASemiBNDAASemiL −− ββ UU  is not 
empty, that is, the boundary region is not empty. 
 
Worked Example (2) 
 
 In Example (1), we choose any subset A from U, say;  
   
  },,,{ 6431 xxxxA =  
 

Now, we can decide the region for each object by using the generalized decision-
theoretic approach that proposed in Section 3.3. This approach can be apply on a 
multivalued information system and give us the ability to divide the universe U into five 
regions which help in increasing the decision efficiency. The result given by general 
rough sets model can be viewed as a special case of our generalized approach. 
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In our example, the set of states is given by },{ AA −=Ω indicating that an element 
is in A and not in A, respectively. With respect to five regions, the set of actions is given 
by A = },,,,{ 54321 aaaaa  

 
To apply our proposed technique, consider the following loss function: 

 
2,1,5.0,25.0,0 12512241323142215211 ========== λλλλλλλλλλ  

 
There is no cost for a correct classification, 2 units of cost for an incorrect classification, 
0.25 unit cost for an object belonging to A is classified in βAASemiL −)(  and for an 

object does not belong to A classified into ).(ASemiUA −β , 0.5 unit cost for classifying 
an object into boundary region and 1 unit cost for classifying an object belong to A 
into ).(ASemiUA −β  and for an object does not belong to A into βAASemiL −)(  ,(note 
that a loss function supplied by user or expert ) . According to these losses, we have  
 
 b = 0.8              g = 0.5 

c = 0.75             l = 0.36 
d = 0.64           m = 0.33 
e = 0.5              n = 0.25 
f = 0.67            q = 0.2 

 
By using the decision rules )5()1( ′−′ , we get the following results 
 

 )βP(A/ xI  
 
Decision 
 

1x        1   )(APOS  
2x      0.75 SemiL(A)- βA  

3x        1  )(APOS    
4x      0.25 βA -SemiU(A)  
5x         0    NEG(A) 
6x         1   )(APOS  

7x         0    NEG(A) 

8x         0    NEG(A) 

9x         0    NEG(A) 

10x       0.5  SemiBND(A)  
 
Thus we have, 

 
POS (A) = { 631 ,, xxx }   

     SemiL(A) - βA = { 2x }   
    SemiBND(A) = { 10x }   

   βA -SemiU (A) = { 4x }   
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   NEG (A) = { 9875 ,,, xxxx } 
 
 Now we apply the decision theoretic technique proposed by Yao et. al. (1992) to 
classify the decision region into five areas. The set of actions is given by A = },,{ 321 aaa , 
where 321 ,, aandaa  represent the three actions in classifying an object, deciding POS(A) 
deciding NEG(A) and deciding BND(A) respectively. To make this, consider that there is 
0.25 unite cost for a correct classification, 3 units of cost for an incorrect classification 
and 0.5 unit cost for classifying an object into boundary region, i.e., 
 
 3,5.0,0 122132312211 ====== λλλλλλ  . 
 
These losses give us that, 
 
 1.0,5.0,9.0 === βγα  
 
 By using the decision rule ( P′ )-(C ′ ), and replacing )]/[( ExAP by )/( xAP β , we 
get on the following results: 
 
 
 
  

 )βP(A/ xI  
 
Decision 
 

1x       1     )(APOS  
2x     0.75     BND(A)   
3x       1    )(APOS    
4x     0.25    BND(A)   
5x        0    NEG(A) 
6x        1   )(APOS  

7x        0    NEG(A) 

8x        0    NEG(A) 

9x        0    NEG(A) 

10x      0.5   BND(A)   
 
  This means that 
  

POS (A) = { 631 ,, xxx }   
      BND (A) = { 2x , 4x , 10x }   
     NEG (A) = { 9875 ,,, xxxx } 
 From comparesion between two approches, we note that the our approach 
(classification of decision region into five eareas) give us the ability to divid BND (A) = 
{ 2x , 4x , 10x } into SemiL(A) - βA = { 2x }, which closer to the positive region, βA -SemiU 
(A) = { 4x }, which closer to the negative region, and  SemiBND(A) = { 10x }.   
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4. Conclusion  
 
The decision theoretic rough set theory is a probabilistic generalization of standard rough 
set theory and extends the application domain of rough sets. The decision model can be 
interpreted in terms of more familiar and interpretable concept known as loss or cost. One 
can easily interpret or mesure loss or cost according to real application. We have 
proposed in this paper a genralized decision theoretic approach, which applied under 
granulated the universe by any binary relation. This approach enable us to classify the 
decision region into five areas. This classification will enlarge of choice for decision 
maker and help in increasing the decision efficiency.  
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Abstract: Rough set theory, which emerged about 20 years ago, is 
nowadays a rapidly developing branch of artificial intelligence and 
soft computing. In this paper, we present a new approach (RS_DT) 
for construction of decision tree based on rough set theory, which 
will be induced a simplified tree. This tree is transformed into an 
initial population of genetic probabilistic rough induction 
(GA+GDT-RS), which is a combination between probabilistic rough 
induction and genetic algorithm. We will use probabilistic rough 
induction for modeling a classification system and applying genetic 
operators to a population of chromosomes. However, it is interesting 
to try to incorporate these approaches into the hybrid system. The 
challenge is to get as much as possible from this association. 

Keywords: Generalization Distribution Table, Rough Sets, Genetic Algorithm, 
Machine learning, Data mining 
 
 
1. Introduction 

Historically different approaches for knowledge extraction evolved [14], such as 
symbolic approaches and computational learning theory. Among them we can find 
many classical approaches, like decision trees, rough sets, case based reasoning, 
neural networks, support vector machines, different fuzzy methodologies, ensemble 
methods [5], but they all have some advantages and limitation. Evolutionary 
approaches (EA) are also a good alternative, because they are not inherently limited to 
local solutions [7]. Recently, taking into account the limitations of classical 
approaches many researches focused their research on hybrid approaches. 
 
Current studies show that the selection of appropriate method for data analysis can be 
crucial for the success. Therefore, for a given problem, different methods should be 
tried to increase the quality of extracted knowledge. According to the previous 
paragraph a logical step would also be to combine different methods into one more 
complex methodology in order to overcome the limitation of a single method. 
The paper is organized as follows: section 2 introduces a basic model, section 3 shows 
the new approach (RS_DT) for construction of decision tree based on rough set 
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theory, section 4 discusses our hybrid method in detail. Applications and results in 
section 5, section 6 concludes our paper.  
 
2. Basic Models 
 
2.1 Rough Set Methodology 
In the rough set methodology for rule discovery, data base is regarded as a decision 
table, which is denoted ),,,}{,,( DCfVaAUT Aa∈= , where U is a finite set of 
instances (or objects), called the universe, A is a finite set of attributes, each Va is the 

set of values of attribute a,  f is a mapping from AU ×  to , C  and D 
are two subsets of A, called the sets of attributes and decision attributes, respectively, 
such that ADC =∪ , and φ=∩DC . Equivalence classes in U/C and U/D are called 
condition classes and decision classes, respectively [9], [10], [12], [13]. 

The process of rule discovery is that of simplifying a decision table and generating 
minimal decision algorithm. In general, an approach for decision table simplification 
consists of the following steps: 

(1) Elimination of duplicate condition attributes. It is equivalent to elimination of 
some columns from the decision table. 

(2) Elimination of duplicate rows. 

(3) Elimination of superfluous values of attributes. 

A   representative approach for the computation of reducts of condition attributes is to 
represent knowledge in the form of a discernibility matrix [12], [13]. The basic idea 
can be briefly presented as follows: 

        Let ),,,}{,,( DCfVaAUT Aa∈= , be a decision table with U= {u1,u2…..,un}. By a 
discernibility matrix of T, denoted M(T), we will mean nxn matrix defined as: 

 for  i, j=1,2,…,n such that 
ui or uj belongs to the C-Positive region of D. 

Thus entry mij is the set of all the condition attributes that classify objects ui and uj 
into different decision classes in U/D. Since M(T) is symmetric and φ=mii , M(T) are 
represented only by elements in the lower triangle, that is, the mij with  l ≤ j < i ≤ n. 
Furthermore, λ=mij  denotes that this case does not need to be considered. Hence it 
is interpreted as logic truth.  The discernibility function Tf  for T is defined as 
follows:  

for any  Uui∈     },....,2,1{,:{)( njijmij
j

uiTf ∈≠∨∧= }   where  

       i)  mij∨  is the disjunction of all variables such that φ≠∈ mijifmijc  

      ii)    φ==⊥∨ mijiffalsemij ),(  

     iii)     λ==∨ mijiftrueTmij ),(  

Each logical product in the minimal disjunctive normal form (DNF) of Tf (ui) is 
called a reduct of instance ui. Generating minimal decision algorithm is to eliminate 
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the superfluous decision rules associated with the some decision class. It is obvious 
that some decision rules can be dropped without disturbing the decision-making 
process, since some other rules can take over the job of the eliminated rules. 

 

2.2 GDT-RS Principles 

GDT-RS is a soft hybrid induction system for discovering classification rules 
from databases with uncertain and incomplete data [15]. The system is based on 
hybridization of GDT and the rough set methodology. 
 

2.2.1 Generalization Distribution Table (GDT) 

Any GDT consists of three components: possible instances, possible generalizations 
of instances, and probabilistic relationships between possible instances and possible 
generations. Here the possible instances are all possible combinations of attribute 
values in a database; the possible generations for instances are all possible cases of 
generation for all possible instances; the probabilistic relationships between possible 
instances and possible generations, represented by entries Gij of a given GDT, are 
defined by means of a probabilistic distribution describing the strength of the 
relationship between any possible instance and any possible generation. The prior 
distribution is assumed to be uniform, if background knowledge is not available. 
Thus, it is defined by the following Equation: 
 
 

⎩
⎨
⎧ ⊃

==
otherwise   0

 if /1
)/(

PGiPIN
PGPIpG jPGi

ijij        (1) 

 
Where PIj is the jth  possible instance, PGi  is  the ith  possible generalization. and NPGi 
is the number of the possible instances (PI) satisfying the ith possible generation,  i.e.,  
 

                       ∏=
m

j

jPGi nN                                                         (2) 

Where j=1,..m and j is not equal the attribute that is contained by the ith possible 
generalization. 
 
2.2.2 Rule Strength 
The rules are expressed in the following from:  

P→ Q with S 
i.e., “if P then Q with the strength S” where P denotes a conjunction of conditions 
(i.e., P C), Q denotes a concept that the rule describes (i.e., Q D), S is a “measure 
of strength” of the rule. Furthermore, S consists of three parts: s(P), accuracy and 
coverage, where s(P) is the strength of the generalization P (i.e., the condition of the 
rule), the accuracy of the rule is measured by a noise rate function:  r(P  → Q), 
coverage denotes how many instances are covered by the rule. If some instances 
covered by the rule also belong to another class, the coverage is a set :{ number of 
instances belonging to the class, number of instances belonging to another class}. 
   The strength of a given rule reflects the incompleteness and uncertainly in the 
process of rule inducing influenced both by unseen instances and noise. The strength 
of the generalization P=PG is given by the following equation under that assumption 
that the prior distribution is uniform: 
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 where card([P]) is the number of observed instances satisfying the generation P. The 
strength of the generalization P represents explicitly the prediction for unseen 
instances since possible instances are considered. On other hand, the noise rate is 
given by Eq. (3) 
                           r(P→ Q)=card([P]∩[Q])/card([P])                    (4) 

where card([P]∩[Q]) is the number of all instances from class Q within the instances 
satisfying the generalization P. 
 
2.2.3 Searching Algorithm for an Optimal Set of Rules 
In [16] they outline the idea of searching algorithm for a set f rules. They use a sample 
decision table shown in Table 1 to illustrate the idea. Let Tnoise be a threshold value. 
 
                                          Table 1. A sample database 

No   a   b   c  d 
u1 ao bo c1 y 
u2 ao b1 c1 y 
u3 ao bo c1 y 
u4 a1 b1 c0 n 
u5 ao bo c1 n 
u6 ao b2 c1 n 
u7 a1 b1 c1 y 

• Step 1. Create GDT, if prior background knowledge is not available, the prior 
distribution of a generalization is calculated using Eqs.(1) and (2). 

• Step 2.  Consider the indiscernibility classes with respect to the condition 
attribute set C (such as u1,u3 and u5 in the sample database of  Table 1 ) as one 
instance, called the compound instance (such as u1'=[u1]IND(a,b,c) in the 
following Table 2).                    

 

Table 2: Table 1 after makes compound instances 
U            A a b c d 
u1'(u1,u3,u5) ao bo c1 y,y,n 
u2 ao b1 c1 y 
u4 a1 b1 co n 
u6 ao b2 c1 n 
u7 a1 b1 c1 y 

 

• Step 3. For any compound instance u' (such as the instance u1' in the above 
table), let d(u') be the set of the decision classes to which the instances in u' 
belong. Furthermore, Let Xv={x∈U:d(x)=v} be the decision class 
corresponding to the decision value v. The rate rv can be calculated by Eq(4). 
If there exists a v∈d(u') such that rv(u')=min{ rv(u') | v'∈  d(u')} < Tnoise, then 
they let the compound instance u' point to the decision class corresponding to 
v. If there is no v ∈d(u') such that rv(u')< Tnoise, they treat the compound 
instance u' as a contradictory one, and set the decision class of u' to  ⊥   
(uncertain). 
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For example, we have 
 

U          A a b c d 
u1’(u1,u3,u5) ao bo c1 ⊥  

 
Let U' be the set of all the instances except the contradictory ones.   

• Step 4. Select one instance u from U'. Using the idea of discernibility matrix, 
create a discernibility vector (i.e. the row or the column with respect to u in the 
discernibility matrix) for u. For example, the discernibility vector for instance 
u2:a0b1c1 is as follows: 

 
U            U u1’(⊥ ) u 2(y) u 4(n) u 6(n) u 7(y) 
u2(y) b Ø a,c b Ø 

 

• Step 5. Compute all the so-called local relative reducts for instance u by using 
the discernibility function. For example, from instance u2:a0b1c1, they obtain 
two reducts: {a,b} and {b,c}. 

• Step 6. Construct rules from the local reducts for instance u, and revise the 
strength of each rule using (3). For example, the following rules are acquired: 

                    {a0 b1} ⎯→⎯ y   with   S=1 X ½ = 0.5 , and  
                    {b1 c1} ⎯→⎯ y   with   S=2 X ½ =1           
              for instance u2 :a0b1c1 

• Step 7. Select the best rules from the rules (for u ) obtained in step 6 according 
to its priority : 

o Selecting the rules that contain as many instances as possible. 
o selecting the rules that contain as little attributes as possible, if they 

cover the same number of instances 
o Selecting the rules with larger strength, if they have same number of 

condition attributes and cover the same number of instances. 
For example, the rule '{b1c1} ⎯→⎯ y' is selected for the instance u2:a0b1c1 because it 
matches more instances than the rule '{a0b1} ⎯→⎯ y' . 

• Step 8.  U'=U'-{u}. If U ≠Ø , then go back  to step 4. Otherwise, goto setp 9. 
• Step 9. Finish if the number of rules selected in step 7 for each instance is 1. 

Otherwise find a minimal set of rules, which contains all of the instances in the 
decision table. 

The following Table 3, shows the result for the sample database shown in Table 1. 
 

Table 3: Results for a sample database 
U Rules Strength 
u2,u7 b1 ∧  c1   y 1 
u4 co   n 0.167 
u6 b2   n 0.25 

 

2.3 Genetic Algorithm 

The origin of Genetic Algorithms (GAs) is attributed to Holland’s [3] works on 
cellular automata. There has been significant interest in GA over last two decades. 
The range of applications of GA includes such diverse areas as job shop scheduling, 
training neural nets, image feature extraction, and image feature identification [2].  
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A genetic algorithm is a search process that follows the principles of evolution 
through natural selection [2]. The domain knowledge is represented using a candidate 
solution called an organism or chromosome. Typically, an organism is a single 
genome represented as a vector of length n:  n),i|(cc i ≤≤= 1     where ci is called a 
gene. 
 
      An abstract view of a generational GA is given in Figure 1. A group of organisms 
is called a population. Successive populations are called generations. A generational 
GA starts from initial generation G(0) , and for each generation G(t) generates a new 
generation G(t+1) using genetic operators such as mutation and crossover. The 
mutation operator creates new genomes by changing values of one or more genes at 
random as shown in Figure 2. The crossover operator joins segments of two or more 
genomes to generate a new genome. Figure 3 depicts an example of a crossover 
operation. 
 
 
Genetic Algorithm: 
 

Generate initial population   G(0); 
Evaluate G(0); 
For (t=1;solution is not found;t++) 
{ generate G(t) using G(t-1); 
evaluate G(t); } 

 
 

Figure 1. Abstract view of a generational genetic algorithm 
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Figure 2. Mutation operation 
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Figure 3. Crossover operation 
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3. Proposed Method of Decision Tree (RS_DT) 
In many literatures [4], [9], rough set has been used for selecting attributes, 
consequently a reduct of attributes will be found which is regarded as the best 
reduction of attributes. The goal is to reduce the volume of data. In this paper, we 
introduced a new approach of decision tree construction based on rough sets [1]. The 
basic algorithm for construction of decision tree is as follows. The input of the 
algorithm for construction of decision tree based on discernibility vector is a 
collection of data. The output is a decision tree corresponding to the data. 

The algorithm RS_DT is presented in recursive form.  

  RS_DT algorithm 
Input:    U= a data collection. 

A = condition attributes.  
RS_DT (U), parameter U indicates collection of data. 

Processing:    

• Step 1:  Compute the discernibility vector for all instances in U.  

• Step 2: Compute the redundancy of all condition attributes in all discernibility 
vectors.  

• Step 3:  Choose the attribute with the maximal number as the node of this 
layer of current branch. 

• Step 4: Construct decision tree on the current branch according to the possible 
values of the selected attribute that appear in U. 

• Step 5: For each branch of the selected attribute of the decision tree, if it has 
not reached leaf node then call RS_DT(U) with the collection of the data of 
this branch as its parameter. 

• Step 6:  Return. 

Output: decision tree.   

 

Worked Example: 
We will illustrate the main idea of our method by way of an example. Suppose, we 
have information table that shown in Table 4. 

Table 4. A sample Information Table 

U            A a b c d 
u1  ao b1 c1 y 
u2 ao bo c1 y 
u3 a1 b1 co n 
u4 ao b2 c1 n 
u5 a1 b1 c1 y 

 

Suppose, we have information table that shown in table4. Let U be a set of all  
instances, select one instance u from U. Using the idea of discernibility matrix, create 
a discernibility vector (i.e., the row or column with respect to u in the discernibility 
matrix) for u. For the example u1=a0 b1 c1 is as in table 5, where λ  means that we 
don't care the element since it is with the same class. And so on u2(y), u3(n), u4(n), 
u5(y) compute discernibility vector. 
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Table 5: First discernibility vectors of instances 

U            U U1(y)  u2(y) u3(n) u4(n) u5(y) 
u1 (y) λ  λ  a,c b λ  
u2 (y) λ  λ  a,b,c b λ  
u3 (n) a,c a,b,c λ  λ  c 
u4 (n) b b λ  λ  a,b 
u5 (y) λ  λ  c a,b λ  

 
Now, compute the redundancy of each attributes condition in all discernibility vectors. 
The attribute which has maximal number is the root. The redundancy of ‘b’ is 8 and 
redundancy of ‘a’ the same as redundancy of ‘c’ is 6. Therefore attribute 'b' is selected 
as the root of the decision tree, and the data set will be partitioned into three data 
subsets. In each data subset, all tuples have the same value of the attribuate 'b', if all 
tuples in the same branch have the same class label then no action is needed to 
construct the decision tree to a deeper layer. Otherwise, another attribute will have to 
be chosen as node to construct the decision tree to further depth until the tree reaches 
leaf node that all tuples  in the leaves have the same class label, see Figure 4.  

 
Figure 4. The root of decision tree 

 
Since condition attribute 'b' has been used in upper layer of the tree, only the other 
two condition attributes (attribute 'a' and 'c') are tested on branch b=b1, we obtain the 
discernibility vector of those instances u1, u3, u5 as see in Table 6, and compute the 
reducency of attributes condition ‘a’ and ‘c’.  

Table 6: Second discernibility vectors of instances 

U            U u1(y)  u3(n) u5(y) 
u1 (y) λ  a,c λ  
u3 (n) a,c λ  c 
u5 (y) λ  c λ  

 
Since condition attribute 'c' has maximal number (equal 4) , 'c' is selected as the 
winner of branch b=b1. the class labels of the leaf node of the two branches c=c0 and 
c=c1 are labelled in accordance with the class labels of the tuples of the corresponding 
branches, i.e labelled to be d=y and d=n.  

Since b=b0 and b=b2 need no further classification, the final decision tree can be 
obtained as shown in Figure 5. 
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Figure 5. Final of decision tree  

 

From a root node to leaf node, rules can be obtained  

r1. (b=b0)  (d=y) 

r2. (b=b2)  (d=n) 

r3. (b=b1, c=c1)  (d=y) 

r4. (b=b1, c=c0)  (d=n) 

 

4. Hybrid Method (Evolution Rough Sets) 
In this Section we describe the main characteristics of our method for classification. 
This is a hybrid method that combines decision tree (RS_DT) and genetic 
probabilistic rough induction (GA+GDT_RS). The basic idea is to use a decision tree 
(RS_DT) algorithm to produce rules before run the algorithm of genetic probabilistic 
rough induction (GA+GDT_RS). The method discovers rules into two training 
phases. In the first phase it runs RS_DT decision tree induction algorithm. The 
induced, simplified tree by Fisher’s exact test [6] is transformed into a set of rules. 
This rule set can be thought of as expressed in an initial population. The second phase 
consists of using a GA+GDT_RS genetic probabilistic rough induction to discover 
rules. Show the algorithms in Figure 6. 
 

4.1 Genetic Operators 

     To evolve a population of individuals we need to apply genetic operators that 
produce new individuals (which will from the next generation) from the best 
individuals of the current generation. We briefly describe below the genetic operators 
used by our hybrid system. We used a population size of 100 individuals a parameter 
value often used in the literature [3] and adequate for our experiment. 
     The reproduction operator was roulette wheel selection with elitism. Out of the 100 
individuals, 98 are reproduced by roulette wheel selection and the best 2 individuals 
of the current population are passed on, unaltered, to the next generation, in an 
elitism-reproduction scheme. Elitism avoids the danger of possible loss of the best 
two individuals of the current generation. Note that this loss might occur if roulette 
wheel selection was used alone (without elitism), due to the stochastic nature of 
roulette wheel selection. The individuals selected for reproduction undergo the 
application of two other stochastic operators, namely mutation and crossover. In our 
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experiments reported in this paper mutation is applied with 0.05 probability and 
crossover with 0.8 probabilities.  
 

4.2 Fitness Function and Evaluation of the Set of Rules 
Decision tree (RS_DT) method induces a set of rules. First we simplified these rules. 
Second, we delete from this set of rules any duplicate ones. Third, we use these rules 
as an initial population of a hybrid system genetic probabilistic rough induction 
GA+GDT_RS, after the number of iteration. Any weak rule which its accuracy value 
is less than some threshold, will be removed from the set of rules. Therefore, we 
evaluated the whole set of rules as Rosetta [17]. We only use training cases to 
generate rules and testing cases to measure the efficient of the method.  
We define the fitness function of the individual depending on rule coverage by using 
this equation: 
                              con=card([P]∩[Q])/card([Q])          (5) 
Where P,Q as we explained in section 2.2.2. 
Depending on the fitness value, the genetic operators select the individual to be 
processed (the better the fitness, the more likely the individual is to be selected). 
 

Algorithm of the Method 

We now describe an idea of searching algorithm for a set of rules. We use a sample 
database shown in Table 4 to illustrate the idea. The input is data in the form of a 
decision table structure, the output is the set of rules, and the process is as follows. 

• Step 1: Read the decision table, determine the thresholds Tnoise and λ for 
classification accuracy. If the decision table contains inconsistent data do 
steps1-3 in algorithm of GDT_RS, otherwise go to step 2. 

• Step 2: By decision table generate a decision tree by running RS_DT 
algorithm, see section 3, simplified the tree and convert the tree as an initial 
population. 

• Step 3: Iteratively perform the following substeps until the maximum of 
generation, G, is reached. 

  a. Evaluate each individual in the population via the following: 
i. Calculate the classification accuracy and rule coverage for each 

rule (chromosome) as we explained in section 2.2.2, see Table 7, 
and remove the rule if its accuracy is less than the thresholds λ. 

ii. Use a Eq.(5) as a fitness measure to assign a value for this set of 
rules. 

 

Table 7: Results for a sample database 
U Rules s(P) Accuracy Coverage 
u1' b0   y 0.25 0.67 1 

u2,u7 b1 ∧  c1   y 1 1 2 
u4 co   n 0.17 1 1 
u6 b2   n 0.25 1 1 

 

b. Create a new population by applying the following operations: 
i. Reproduce an existing individual (selected based on its fitness) 

and copy it into the new population. 
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Figure 6: Algorithm of our hybrid method for classification. 

 

ii. Create two new individuals from two existing individuals by 
genetically recombining randomly chosen parts of two existing 
chromosomes using crossover operation. 

iii. Create a new individual from an existing one by mutating a 
randomly chosen part of the selected chromosome using the 
mutation operation. 

iv. Insert these chromosomes into the new population. 
• Step 4. The best-so-far individual (the individual that has the highest 

fitness value over all the generations) is designated as the result of the 
run. 

 
5 Applications and Results 

We have evaluated the performance of our hybrid method 
RS_DT/GA+GDT_RS across dataset taken from [11]. The experiment used RS_DT 
as the decision tree component of our hybrid method. The performance of the hybrid 
method RS_DT/GA+GDT_RS was compared with the performance of RS_DT 
method and standard rough set method for the number of rules and accuracy. 
We divided this dataset to 80% training and 20% testing, the results of computations 
of rules have been only done to training data, and the accuracy computed on testing 
data. Figure 7 shows a comparison of the number of rules obtained from RS_DT 
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method, standard rough set method and our hybrid method. Figure 8 presents the 
accuracy of dataset on RS_DT method, standard rough set method and our hybrid 
method.  
Since we are started with decision tree RS_DT, and the results with RS_DT are the 
initial population of hybrid system GA+GDT_RS. So the results obtained from hybrid 
system GA+GDT_RS are the same as of decision tree RS_DT or better. The set of 
rules that is produced by our new method contains the fewest rules with better 
accuracy rate than that is produced by the decision tree RS_DT. For example, if we 
take Monk’s data problem, in the third Monk’s problem data there exist a rule 
produced from decision tree RS_DT: IF attribute#1=2 AND attribute#5=4 THEN 
Class 0. This rule is reduced in our method to the following: IF attribute#5=4 THEN 
Class 0. Some  rules  in decision tree (RS_DT) are presented in the list of rules 
produced form hybrid system (RS_DT/GA+GDT_RS) such as: IF attribute#2=3 AND 
attribute#5=2 THEN Class 0, because the fitness function is high, and other rules 
from RS_DT is omitted, because rules with high fitness will appeared. The hybrid 
method RS_DT/GA+GDT_RS proposed here is slower than a decision tree RS_DT 
method in the processing time. But on the other hand hybrid method 
RS_DT/GA+GDT_RS gives more accuracy and less number of rules than a decision 
tree RS_DT. So the incorporation of knowledge into evolutionary algorithms is 
interesting of optimization and machine learning problems. 
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Figure 7 Comparison of number of rules on datasets 
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6 Conclusions 
In this paper, we have described a hybrid system RS_DT/GA+GDT_RS and 
compared its performance with the performance of decision tree RS_DT and standard 
rough set method on some dataset. We showed that a hybrid system can be used to 
improve the performance of decision tree. A hybrid system as we saw with three 
goals: increase the accuracy of dataset; reduce the number of rules if we compared 
with decision tree (RS_DT) and standard rough set method. Also reduce the 
processing time if we compared with standard genetic algorithm method. 
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Abstract: One of the most important problems in relational databases 
applications like data warehouses is a size of real-world databases. In 
practical problems, data may contain millions of records in many data tables 
bounded by relations. One approach to reduce the size of these applications is 
rough set theory. The Rough set theory is deeply investigated, and an 
approach for data filtering based on rough set theory is proposed. In addition, 
to improve processing of star queries on data and processing of aggregation 
star queries a new optimization technique is the called pre-grouping 
transformation. Although this transformation is expected to reduce the time 
needed to answer large aggregation queries to less than 50%, there are 
several cases where it is not beneficial. In this paper we retry reach to the 
optimization case by applying the two above theories. 

 
        Keywords: Rough sets, data warehouse, Transformation 
 
 
       1. Introduction 
 

The topic of data warehousing encompasses architectures algorithms and tools for bringing 
together selected data from multiple databases or other information sources into a single 
repository, called a data warehouse, suitable for direct querying or analysis. In recent years, data 
warehousing has become a prominent buzzword in the database industry, but attention from the 
database research community has been limited. In this paper, we try to reduce the size of the 
database using rough sets theory and reducing the response time at queries using new technique 
called pre-grouping transformation. Rough sets theory was first introduced by Pawlak in the 1980s 
and it has been applied in many applications such as machine learning, knowledge discovery, and 
expert systems. Rough set is especially useful for domains where data collected are imprecise 
and/or incomplete about the domain objects. It provides powerful tools for data analysis and data 
mining from imprecise and ambiguous data. Many rough set models have been developed in the 
rough set community in the last decades. Some of them have been applied in the industry data 
mining projects such as stock market prediction, patient symptom diagnosis, telecommunication 
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churner prediction, and financial bank customer attrition analysis to solve challenging business 
problems. These rough set models focus on the extension of the original model proposed by 
Pawlak and attempt to deal   with its limitations such as handling statistical distribution or noisy 
data. 

A methodology recently proposed to improve processing of star queries on data warehouses is 
the clustering and indexing of fact tables using their multidimensional hierarchies. Due to this 
improved organization schema, processing of aggregation star queries changes dramatically 
creating new optimization opportunities. An important optimization technique is the so-called pre-
grouping transformation. 

 
The paper is organized as follows. In section 1, we give an overview of rough set theory. 

Section 2 describes the general concept of pre-grouping transformation, while section 3 shows the 
measurement results are presented. 
 
2. Rough Set Theory 
  

Rough set theory [1] is an extension of conventional set theory that supports approx. in 
decision-making. It possesses many features in common fuzzy set theory. Rough Set theory was 
proposed as a new approach to knowledge discovery from incomplete data. The Rough set itself is 
the approximation of a vague concept by a pair of precise concept, called lower and upper 
approximations, which are classification of domain of interest into disjoint categories. The Rough 
set approach to processing of incomplete data is based on these approximations. The Rough Set is 
defined as pair of two crisp sets corresponding to approximations. If both approximations of a 
given subset of the universe are exactly the same then one can say that mentioned above subset is 
definable with respect to above information otherwise it is roughly definable. 
 
2.1. Indiscernibility  

A decision system may be unnecessarily large in part because it is redundant in two ways, the 
same or indiscernible objects may be represented several times, or some of the attributes may be 
superfluous. The former case of indiscernible objects is discussed in this section. 

 
If I= [U, A, V, f] be an information system with any P⊆A there is associated an equivalence 

relation, IND (P):    IND (P) = {(x, y) ∈U2: ∀ a ∈  P a (x) =a (y)} IND (P) is called the P-
Indiscerenibility relation. If (x, y)∈  IND (P), then objects x and y are indiscernible from each 
other by attributes from P. The equivalence classes of the P-Indiscerenibility relation are denoted 
[x]P. 
 
2.2. Lower and Upper approximations  
 

Let U be a finite set of objects called Universe, R ⊆  U*U be an equivalence relation [2, 3] on 
U, the pair A= (U, R) is called approximation space; equivalence classes of the relation R are 
called Elementary sets in A. 

 
Let X⊆U be a subset of U, we define lower approximation A (X) and upper approximation 

A (X) as: 
• A (X) = {x∈U: [x] R⊂X} 
• A (X) = {x∈U: [x] R ∩ X≠φ } 
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The objects in A (X) can be with certainty classified as members of X on the basis of 
knowledge in R, while the objects in A (X) can be only classified as possible members of X on 
the basis of knowledge in R. 
 
 
 
 
2.3. Positive, Negative and Boundary Region 
 

Given a subset X ⊆ U representing certain concept of interest, we can characterize the 
approximation space A= (U, R) with three distinct regions: 

 
a. A (X) is called the positive region of X in A. 
b. A (X)- A (X) is called the boundary region of X in A. 
c. U- Bnd(X) is called the negative region. 

 
2.4. Non-definable Sets 
 

Set X is definable in A iff A  (X) = A  (X), otherwise set X is non-definable in A. Four 
different kinds of non-definable (Rough Sets): 

a. If A  (X) ≠ φ and A  (X) ≠ U, set X is called roughly definable in A, it means that 
we can define set x with some “approximation” i.e. define its lower and upper 
approximation in A. 

b. If A  (X) ≠ φ and A  (X) = U, set X is called externally definable in A, it means that 
we are unable to exclude any element x∈U being possibly a member of X. 

c. If A  (X) = φ and A  (X) ≠ U, set X is called internally definable in A, it means that 
we are unable to say for sure that any x∈U is a member of X. 

d. If A  (X) = φ and A  (X) = U, set X is called totally non-definable in A it means that 
we are unable to define even its approximations. 

 
 
3. Pre-Grouping transformation  

 
OLAP data are divided into two main categories. The measures (or facts) are mainly numeric 

values, which correspond to measurements of some value related to an event at specific points in 
time (e.g., amount of money appearing in a line of an invoice at a particular day, or balance of an 
account at the end of each day, etc.) and are expected to change rapidly. The dimension data (or 
simply dimensions) are used to characterize the measures and are considered to be almost static in 
(or slowly changing with) time. The dimension values characterize a specific measure value in the 
same way that coordinate values characterize a specific point in a multidimensional space. Our 
structure will consisting of a central table (the fact table) and surrounding tables (the dimension 
tables) that link to it through 1:  N relationships are known as the star schema. Figure 1 shows star 
schema with dimension tables. 

 
 The abstract processing operations can be optimized using various standard optimization 

techniques such as Eager-Group [4] by transformation. Furthermore, the existence of the h-
surrogate allows for a new kind of transformation that is expected in most of the cases to perform 
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better than the initial plan. This, so called pre-grouping transformation [4], allows the grouping 
of fact table tuples before all join operations leading to a significant reduction of both the join and 
grouping effort. 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1:  Fact and dimension tables 
 

 The pre-grouping transformation exploits the functional relationship among the hierarchy 
attributes and the corresponding h-surrogate attribute stored in the fact table. This relationship 
allows us to group and aggregate tuples using a prefix of the h-surrogate value instead of the 
values of some hierarchy attributes of a dimension. In many cases this early grouping will not 
correspond exactly to the grouping required by the query. This means that a second grouping 
operation will have to be performed after the join operations in order to obtain the final result. In 
those cases the pre-grouping transformation splits the initial grouping and aggregation operation 
into two grouping and aggregation operations. 
 
3.1 Schema of Table  

 
Let us now illustrate our transformation with an example query on a schema like: 
 

  SELECT        L.area, P.brand, SUM (F.sales) 
   FROM           SALES_FACT F, LOCATION L, DATE D, PRODUCT P 
  WHERE        F.day = D.day AND F.store_id =L.store_id 
          AND F.product_id = P.item_id 
  GROUP BY   L.area, D.month, P.brand 
  

And the schema will be as shown in Figure2: 
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Figure 2. The data warehouse schema for our example 
   

 
Let us now illustrate our transformation with an example query on the above schema. Assume 

we want to have a report about sales that took place in Athens containing the average sales value 
for each year and each profession of customers. In our schema each customer has only one 
profession. Using the pre-grouping transformation we can modify the plan and split grouping into 
two stages: one before the residual join with the CUSTOMER dimension and one after. In order 
to do the split we use the fact table’s h-surrogate attribute date_hsk. 

This attribute corresponds to the DATE dimension and has the structure: year/month/day. 
Using only the year prefix-part of date_hsk (date_hsk: year) we can group the fact table tuples 
on year before any residual join operation. This early grouping operation will also be done on the 
cust_hsk attribute of the fact table. This attribute corresponds to the CUSTOMER dimension and 
is required in order to obtain later the result grouped on the profession of customers. Recall that 
cust_hsk is a key attribute and so it functionally defines all attributes of the CUSTOMER 
dimension including the profession attribute. After the residual join operation with CUSTOMER 
we group the resulting tuples on year and profession just like the original plan. However, in this 
case the input to the final grouping operator will already be grouped on year and customer_id. 
Also, the number of tuples that will be involved in the residual joins is expected to be much 
smaller. Figure 3 illustrate the execution of the pre-grouping transformation [5, 6]. 
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Figure3. Execution of the pre-grouping transformation 

 
4. Our Target 
 
The main purpose for this paper is trying to reach to the optimization case. This case is happened 
when the size of any database become small as possible (by applying rough set theory), and the 
response time for processing a query become small as possible too (by applying per-grouping 
transformation). Using rough set theory and reducts principle we are finding an optimal subset of 
attributes in a database according to some criterion, so that a classifier with the highest possible 
accuracy can be induced by learning algorithm using information about data available only from 
the subset of attributes. 
 
5. Application and Result 
 

We built a simple database depending on Heart diseases dataset using Excel file. This dataset 
has 270 numbers of examples and 2 classes, (1) for absence and (2) for presence of heart disease. 
The numbers of attributes are 13 attributes. The attributes information and their types will be as 
following: 
 
 
 
 
 
 

Aggregate: m=SUM (F.sales) 
GroupBy:F.date_hsk.month, 
F.loc_hsk.area, F.prod_hsk 

Join 
prod_hsk=P.hsk 
 

GroupBy: 
L.area, L.hsk.area 
 

Join 
L.hsk.area=loc_hsk.area 

Aggregate: SUM (m) 
GroupBy: date_hsk.month, 

loc_hsk.area, P.brand 

F

L

P
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Attribute Information:  
 
 

1) age        
2) sex  
3) chest pain type (4 values)     
4) resting blood pressure  
5) serum cholesterol in mg/dl     
6) fasting blood sugar > 120 mg/dl  
7) resting electrocardiograph results (values 0, 1, and 2)  
8) maximum heart rate achieved  
9) exercise induced angina  
10) old peak = ST depression induced by exercise relative to rest  
11) the slope of the peak exercise ST segment   
12) number of major vessels (0-3) colored by fluoroscopy  
13) thal: 3 = normal; 6 = fixed defect; 7 = reversable defect  

 
 
Attributes types  
 

1) Real: 1,4,5,8,10,12 
2) Ordered: 11 
3) Binary: 2,6,9 
4) Nominal: 7,3,13 

 
Using Rosetta software which is used for analyze the data; we caught the database by the ODBC 
connector. Then the database reduced. After that we generate the rules on the best reduct. Finally 
we filtered the rules using Quality filtering loop. The result for our experiment like this in Table 
2. 
 
 

Threshold Rules AUC SE 

0.755 3.0 0.53 0.035265 

0.754167 
4.0 0.537833 0.035198 

0.753333 
9.0 0.570611 0.034805 

0.752083 127.0 1.0 0.0 

0.751667 258.0 1.0 0.0 
 

Table2. The Result for the Application 
 
If the best rule which has efficient quality had chose then applying the pre-grouping 
transformation. 
 
6. Conclusion 
 

In this paper, we have focused on the processing of the most common type of query in data 
warehouse, the star query. For realistic database sizes a star query may take from a couple of 
minutes to a few hours to execute, depending on the complexity of the query and the number of 
tuples retrieved from the fact table. The need for fast answers to ad hoc star queries and small 
database sizes as possible is a real-world problem for all contemporary business intelligence 
applications. Rough set approach is an important tool to deal with uncertain or vague knowledge. 
In this paper, the Rough set theory is deeply investigated, and a based algorithm for data filtering 
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in Information system is proposed. The important feature of this approach is that the internal 
dependency structure of the system is kept intact, and that no additional parameters are needed. 
Theoretical analysis and experimental results show this algorithm can effectively reduce 
granularity of attribute measurement and obtain a higher strength of prediction in terms of the 
statistical significance of rules. 

One of the most promising techniques for efficiently evaluating such queries is the use of fact 
table organizations that store data clustered according to the dimension hierarchies. A special 
hierarchical encoding is imposed on star joins are transformed to multidimensional range queries 
on the underlying multidimensional structures. The conventional star query evaluation plan 
changes radically and new processing steps are required. 
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This paper describes rough neural network where neural network systems and rough
sets theory are completely integrated into a hybrid system and are used cooperatively for
decision and classification support. Also, rough sets and neural network are chosen for the
combined method because they can discover patterns in ambiguous and imperfect data,
and provide tools for data and pattern analysis. The common characteristic of rough sets
and neural networks is that both approaches have the ability to learn decision models by
examples.

1 Introduction

Intelligent systems comprise various paradigms dedicated to approximately solving real-
world problems, e.g., in decision making, classification or learning; among these paradigms
are fuzzy sets, rough sets, neural networks, and genetic algorithms. Fuzzy sets provide a
natural framework for the process in dealing with uncertainty. It offers a problem-solving
tool between the precision of classical mathematics and the inherent imprecision of the
real world. The imprecision in an image contained within color value can be handled us-
ing fuzzy sets. Neural networks and rough sets are widely used for classification and rule
generation. Genetic algorithms (GAs) are involved in various optimization and search pro-
cesses, like query optimization and template selection. Other approaches like case based
reasoning and decision trees are also widely used to solve data analysis problems. Each
one of these techniques has its own properties and features including their ability of find-
ing important rules and information that could be useful for data classification.Neural
networks provide a robust approach to approximating real-valued, discrete-valued and
vector-valued functions. The well-known algorithm Back-propagation, which uses gra-
dient descent to tune network parameters to best fit the training set with input-output
pair, has been applied as a learning technique for the neural networks. Rough sets based
systems provide domain knowledge expressed in the form of If-then rules and tools for
data analysis. Unlike other intelligent systems, rough set analysis requires no external
parameters and uses only the information presented in the given data. The combination
or integration of more distinct methodologies can be done in any form, either by a mod-
ular integration of two or more intelligent methodologies, which maintains the identity



of each methodology, or by integrate one methodology into another, or by transforming
the knowledge representation in one methodology into another form of representation,
characteristic to another methodology. This paper introduces an overview of the rough
neural hybrid approach for decision making.

The paper is organized as follow. Section 2, gives a brief introduction to the basic
of the methods, namely rough sets and rough neural network. Section 3, describes the
rough neural model. Conclusion is given in section 4.

2 Preliminary: Intelligent Techniques

Recently various intelligent techniques and approaches have been applied to handle the
different challenges posed by data analysis. The main constituents of intelligent systems
include fuzzy logic, neural networks, genetic algorithms, and rough sets. Each of them
contributes a distinct methodology for addressing problems in its domain. This is done
in a cooperative, rather than a competitive, manner. The result is a more intelligent and
robust system providing a human-interpretable, low cost, approximate solution, as com-
pared to traditional techniques. Rough set theory is a relatively new intelligent technique
used in the discovery of data dependencies; it evaluates the importance of attributes, dis-
covers the patterns of data, reduces all redundant objects and attributes, and seeks the
minimum subset of attributes. Moreover, it is being used for the extraction of rules from
databases.

2.1 Rough sets

Rough sets theory has been proposed by Professor Pawlak a new intelligent mathematical
tool for extracting classification rules from uncertain and incomplete data-based informa-
tion [7,8]. It is based on the concept of an upper and a lower approximation of a set,
the approximation space and models of sets. Unlike other intelligent methods, rough set
analysis requires no external parameters and uses only the information presented in the
given data.

An information system (IS) is an ordered pair (U,A), where U = {x1, x2, . . . , xn} is a
nonempty finite set of objects called the universe, and A = {a1, a2, . . . , an}is a nonempty
set and the elements of A, called attributes ( in our case called image features). Decision



Table 1: An example of decision table
a1 a2 a3 D

x1 0 0 1 0
x2 1 1 1 0
x3 0 2 1 0
x4 1 2 1 0
x5 1 0 1 0
x6 1 2 1 1
x7 0 0 1 1

System is an information system (IS) for which the attributes in A are further classified
into disjoint sets of condition attributes C and decision attributes D..

A small example of decision table can be found in Table 1. The table has seven
objects, where a1, a2, and a3 are conational attributes ( i.e., image features in our case)
and d is the decision attributes.

The discernibility matrix of A is the nxn matrix with (i,j)th entry defined as follows:

DMij = {a ∈ A : a(xi) 6= a(xj)}. (1)

The discernibility matrix contains all the attributes that differentiate between two
given objects x1 and x2 Every subsets of attributes of P is associated an indiscernible on
on U is defined as follows:

Ip = {(x, y) ∈ UxU : a(x) = a(y),∀a ∈ P} (2)

Where U/IP is the set of all equivalence classes in the relation IP , we say that the
objects x and y are P−indiscernible if (x, y) ∈ Ip.

In Table 1, objects x1 and x7 are indiscernible by attributes a1, a2 and a3.

The partition constructed by attributes {a1, a2, a3} for the objects in Table 1 is:
{{x1, x7}, {x2}, {x3}, {x4, x6}, {x5}}

Due to imprecision which existed in the real world data, there are always conflicting
objects contained in a decision table. Here conflicting objects refer to the two or more ob-
jects that are indiscernible by employing any set of condition attributes, but they belong



PX = {x2, x3, x5}, PX = {x1, x2, x3, x4, x5, x6, x7}, BNP (X) = {x1, x4, x6, x7}

to different decision classes. Such objects are called inconsistent; therefore, the decision
table is called inconsistent decision table.

Now a new partition of the universe U can be found by the indiscernibility relation.
Let IS = (U,A) is an information system, and let P ⊆ A and X ⊆ U . X can be
approximated using only the information contained in P by constructing B-lower and
B-upper approximation of X. These basic operations in rough sets theory are defined as
follows:

PX =
⋃
{Y : Y ∈ U/Ip, Y ⊆ X} (3)

PX =
⋃
{Y : Y ∈ U/Ip, Y ∪X 6= φ} (4)

Where PX is the set of all objects of U that cab be certainly classified by set P as a
members of X and PX is a set of objects that can be probably classified by P as members
of X. The set

BNP (X) = PX − PX (5)

is referred to as the B-boundary region of X and thus consists of those objects that
cannot be classified into X on the basis of knowledge X.

As a measure of quality of a partition approximation by attribute set B and a deacons
attribute d. It takes the following form:

γ(B, d) =

∑n
1 (cardPX)

card(U)
(6)

Where card denotes the cardinality. It is expresses the ratio of elements that can be
properly classified employing attributes in B to all elements of the universe. If γ(B, d) = 1,
it is said that d depend totally on B and if γ(B, d) < 1, it is said that d depends partially
on B. An information system may contain unnecessary attributes. That means, that
all conditions attributes are not needed to describe dependencies between conational and
decisional attributes. For example, the reduce set of attributes in table 1 is {a1, a2}.
The simplest way of rule generation is to interpret each row of the reduced decision table as



a rule (i.e. the values of ci=ondition attributes imply a certain value of decision attribute.
For example, the first row in table 1 can be read as follows; if a1 = 0 and a2 = 0 then d = 0

Given a classification task mapping a set of variables C to a set of labeling D, a
reduct is defined as any R ⊆ C, such that γ(C, D) = γ(R,D). The set of all reducts of A
is denoted Red(A). An information may have more than one reduct.

An attribute Cj ∈ C is a core attribute in C with respect to D if Lower[C]/[D] 6=
Lower[C−Cj ][D]. It is the intersection of all reducts:

Core(C) =
⋂

Ri∈Red(B)

Redi, i = 1, 2, . . . (7)

It is now possible to define the significance of an attribute. This is done by calcu-
lating the change of dependency when removing the attribute from the set of considered
conditional attributes.
Given P, Q and an object x ∈ P, the significant σx(P, Q) of x in the equivalence relation
denoted P and Q is σx(P, Q) = γ(P, Q)− γ(P − {x}, Q).
Now, attribute reduction involves removing attributes that have no significance to the
classification at hand.

2.2 Neural Networks

The effectiveness of artificial neural networks as tools that aid human decision-making in
the medical field has been reported in many recent papers. Experimental results indicate
that neural networks perform particularly well in solving complex pattern classification
problems, due to their ability to model nonlinear relationships. Neural networks are also
robust in handling data with noise or missing values, due to their inherently parallel data
processing. There are a wide variety of areas in which artificial neural networks have been
applied to problems in the sciences. These include pattern recognition, optimal control,
adaptive filtering, inversion, target tracking, general purpose modeling, and medical diag-
nosis. Detailed theory and applications of are readily available in the literature [9].One of
the most-used types of ANN architecture is the Feed-forward with the Back-Propagation
Neural Network (FFBNN), as shown in Figure (1). The signals flow from neurons in the
input layer to the neurons in the output layer, passing through the hidden neurons where
there could be more than one hidden layer.



Figure 1: ANN architecture

In this subsection, we only briefly outline the main facts about networks that will
be further discussed. In most of the applications presented in this work the classical
multilayer feed forward network as described in [3] is utilized. The most commonly used
learning algorithm is back-propagation. The signals flow from neurons in the input layer
to the neurons in the output layer, passing through the hidden neurons where there could
be more than one hidden layer.

By a sigmoidal excitation function for a neuron we will understand a mapping of the
form:

f(x) =
1

1 + e−βx
(8)

where x represents weighted sum of inputs for a given neuron and β is the coefficient
called gain, which determines the slope of the function.

Let Icni,Ocnj and wij are input of the conventional neuron i, output from neuron j,
and weight of the connection between neuron i and neuron j, respectively. Icni,Ocnj and
wij are defined as follows:

Icni =
n∑

j=1

wijOcnj (9)



Neuron i is connected to neuron j.

Ocni = f(Icni) (10)

Where f is the sigmoid function defined in equation (8).

3 Rough neural network: rough neuron

Rough neural networks [2,3,6,9,10]used in this study consist of one input layer, one output
layer and one hidden layer. The input layer neurons accept input from the external
environment. The outputs from input layer neurons are feed to the hidden layer neurons.
The hidden layer neurons feed their output to the output layer neurons which send their
output to the external environment.

The number of hidden neurons is determined by the following equation:

Nhn ≤
Nts ∗ Te ∗Nf

Nf + No

(11)

Where Nhn is the number of hidden neurons, Nts is the number of training samples,
Te is the tolerance error, Nf is the number of attributes ( features), and No is the number
of the output. The output of a rough neuron is a pair of upper and lower bounds, while
the output of a conventional neuron is a single value.

3.0.1 characteristic of rough neuron

Rough neuron was introduced in 1996 by Lingras [2] It was defined relative to upper bound
(Un), lower bound (Ln) and inputs were assessed relative to boundary values. Rough neu-
ron has three type of connections:

Step 1. Input-Output connection to Un

Step 2. Input-Output connection to Ln

Step 3. Connection between Un and Ln

A rough neuron Rn is a pair of usual rough neurons Rn = (Un, Ln), where Un and Ln

are the upper rough neuron and the lower rough neuron, respectively.



Let (IrLn , OrLn) is the input/output of the lower rough neuron and (IrUn , OrUn) is
the input/output of the upper rough neuron. The calculation of the input/output of the
lower/upper rough neuron is given by the following equations:

IrLn =
n∑

j=1

wLnj
Onj (12)

IrUn =
n∑

j=1

wUnj
Onj (13)

OrLn = min(f(IrLn), f(IrUn))) (14)

OrUn = max(f(IrLn), f(IrUn))) (15)

The output of the rough neuron (Orn) will be computed using the following equation:

Orn =
OrUn −OrLn

avarge(OrUn , OrLn)
(16)

The basic stricture of rough neural network is given in Figure (2).

The rough neural network classification algorithm is described as follows Algorithm-3]:

Algorithm-1: The classification algorithm

Input: A new data to be classified, set of features ( i.e., attributes ), set of neurons inputs
and the set of rules
Processing:

Step-1 For each attribute in the attribute set Do

Step-2 Compute the upper and lower rough neuron

Step-3 Build rough neural networks

Step-4 Compute the relative error

Step-5 Calibrate the rough neural network

Step-6 Repeat 4 and 5 until the error become minimum

Step-7 Return Class with minimum error.
Output: The final classification



Figure 2: Rough neural network

This study proposed rough sets theory, rough neural networks for estimating rough
output patterns from rough input patterns. A rough pattern uses upper and lower bounds
of the values as opposed to precise values. The rough neural networks use a combination of
rough and conventional neurons. A rough neuron can be viewed as a pair of neurons. One
neuron corresponds to the upper bound and the other corresponds to the lower bound.
Upper and lower neuron exchange information with each other during the calculation
of their outputs. The paper discussed different types of connections to and from rough
neurons. The errors in estimation from rough neural network models are significantly
lower than the conventional neural network model. Moreover, the addition of rough
neurons in hidden layer seems to improve the prediction performance.

4 Summary and Conclusion

This study proposed rough sets theory, rough neural networks for estimating rough output
patterns from rough input patterns. A rough pattern uses upper and lower bounds of the
values as opposed to precise values. The rough neural networks use a combination of rough
and conventional neurons. A rough neuron can be viewed as a pair of neurons. One neuron



corresponds to the upper bound and the other corresponds to the lower bound. Upper
and lower neuron exchange information with each other during the calculation of their
outputs. The paper discussed different types of connections to and from rough neurons.
The errors in estimation from rough neural network models are significantly lower than the
conventional neural network model. Moreover, the addition of rough neurons in hidden
layer seems to improve the prediction performance.
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