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ABSTRACT

This paper presents a new approach to fractal image generation by translating the
evolution of graph grammar into graphics output. It uses the algebraic approach
of graph grammar as a powerful abstract modeling tool for the generation of self-
similar fractal images via its graph production, derivations and double-pushout
construction. We focus on three proposed methods for image generation which
exhibit a certain analogy with fractals. Validation of our approach is given in terms
of experimental results. An investigation of the relationships between the generated
images and their corresponding graph grammar is also discussed.

Keywords: Graph Grammars, Fractal Geometry, Escape-time algorithm, Strange
attractors, Graph productions, Double-pushout construction, Pattern Generation

1 Introduction

The generation and recognition of artifi-
cial pictures and patterns are challenging
tasks in computer science and other ap-
plied areas. This paper will be consider a
graph grammars [23,23] as a key solution
for such challenging via three proposed
methods. Graph grammars are the gen-
eralization of string grammars to graphs.
Among the various formulations of graph
grammars, the so called “algebraic ap-
proach” [11,12,22] is one of the most

successful because it comprises many re-
sults concerning image understanding [7],
recognition [6], image synthesis [16,24],
analysis and processing [1]. On the other
hand, fractal methods are quite popular
for the modeling of natural phenomena
in computer graphics ranging from ran-
dom fractal models of terrain [20], to de-
terministic botanical models such as L-
systems, iterated function system and re-
current iterated function system [21,3,4].
These models allow representation of a
large class of objects [2,9,25]. Unfortu-



nately, the application of L-systems is
fairly limited due to their lack of sup-
port for time-varying representations, it
doesn’t take the fractal nature of the sets
into account, processing it as ordinary
sets and inefficient geometry specification,
whereas the disadvantage of both iter-
ated and recurrent function system are
the difficulty in fractal generations and
limitation for the class of image genera-
tion. Compared with these models, graph
grammar is suggested to use because it
is independent of geometry specification,
simple for image generation, easy to use
due to graphics visualization, and has the
ability to generate unlimited class of frac-
tal patterns. In this paper we present
a new formalism for the concept of frac-
tal iteration in the escape-time algorithm
[13,14,19,26] and chaos game [5,18] ap-
plied to the graph grammars evolution.
We will regard a graph grammar as a fil-
ter for image generation via three pro-
posed methods, namely GG-escape-time,
GG-simple, and GG-chaos filter methods.
Validation of our approach is given by dis-
cussion and an illustration of some exper-
imental results.

The paper is organized as follows. Section
2 introduces the basic notions of graph
grammar, and in particular of the alge-
braic Double-Pushout (DPO) approach.
Section 3, points out the relationship be-
tween fractal image generation methods
and their corresponding graph grammar
by introducing our three proposed meth-
ods. Finally, some experimental results
with discussion and conclusions are given
in sections 4 and 5 respectively.

2 Mathematical Background and
Fundamental Concepts

A graph grammar allows one to describe
finitely a collection of graphs, i.e. those
graphs which can be obtained from a start
graph through repeated applications of

graph productions. Each production can
be applied to a graph by replacing an oc-
currence of its left-hand side with its right-
hand side. In order to generate fractal
patterns, we will manipulate and gener-
alize the notion of graph grammars using
the DPO approach [10,11,22] into what
we shall call typed graph grammars as a
tool for such generation. Here, by type we
mean a concept that include what usually
is called a label, or a color, or similar. A
typed graph grammar is a combination of
typed graph and typed graph productions
defined as follows:

Definition 2.1 (Typed Graph (TG))
Given two fized alphabets Qp and €y
for edge and vertex labels respectively, a
typed graph (over(Qg, Qv)) is a tuple G =
(E,V,s,t,lp, by), where, V is a finite set
of nodes with three kinds (base node (bn),
mother node (mn), and parent node (pn)),
E is a finite set of edges, which connect ei-
ther (mn) and (pn) or (bn) and (mn), s,t :
E — V are the source and target func-
tions, and g : E — Qg, by : V — Qy are
the edge and the vertex labeling functions
respectively.

From a graphic point of view, base node,
mother node, and parent node will be rep-
resented by the symbols &, (O and o, re-
spectively. An illustrative example for a
typed graph is given in figure 1. It con-
sists of three mother nodes namely a, b
and ¢, one base node t, and three parent
nodes, two of them connected with a and
the other connected with b. The mother
nodes may or may not connected with par-
ent nodes as node ¢ has no connection with
any parent nodes. For a base node ¢, the
mother nodes a and b are called its pre-
conditions and c is its postcondition. The
number of arc weights from a to ¢, b to
t and t to c are 2, 1 and 2 respectively.
In TG, no arc weights from the mother
nodes to the parent nodes. Parent nodes
represent the state of a graph after some
application of both graph production and
graph derivation.



Figure 1: Example for TG

Definition 2.2 (TG-Production) A
typed graph production p = (L <! K —"
R) is a pair of injective typed graph mor-
phisms | : K — L andr : K — R. The
typed graphs L, K, and R are called the
left-hand side, the interface, and the right-
hand side of p, respectively.

Definition 2.3 (TGG) A typed graph
grammar TGG = ({ P, }ieB,

Go) is a finite set of TG-productions, to-
gether with a start typed graph Gy. B 1s
the set of all base nodes in Gy and for each
t € B there is an applicable production
pe = (L <! K =" R) to a graph Gy de-
fined as follows:

o L is a typed graph assigning n parent
nodes for each input mother nodes of the
base node t, where, n is the the number of
arc weight connecting a base node with the
input mother nodes.

e K is the empty graph interface, consist
of only the base and mother nodes.

e 1R is a typed graph assigning n parent
nodes for each output mother nodes of the
base node t, where, n is the the number of
arc weight connecting the base node with
the output mother nodes.

A TG-production consumes the parent
nodes in the preconditions and generates
parent nodes in the postconditions of the
base node ¢, while the interface graph is
always empty. Figure 2(b) illustrates the
corresponding typed graph production of
the base node ¢ for a given typed graph G
of figure 2(a).

{2
°O

(a) Typed Graph G with base node ¢

Left-hand side Interface Graph  Right-hand side

(b) Corresponding T'G-production
Figure 2 Corresponding production for ¢

In figure 2(b), the number of connected
parent nodes with the mother nodes of
both L and R depend on the number as-
sociated with each arc weight from the
base node t to its corresponding in-coming
mother nodes a and b for L and out-
coming mother nodes b and ¢ for R. Ac-
cording to the DPO constructions [11,22],
for a base node t, the typed graph H
is called directly derivable from a given
typed graph G via a T'G-production p; if
and only if the diagram of figure 3 can be
constructed. Such derivation is denoted
by G —P* H.

g \e lh
G = D - H

d b
Figure 3. Derivation as DPO construction

The derived graph H is constructed from
G by deleting every parent nodes for each
preconditions of G which matches parent
nodes of L that has no corresponding par-
ent nodes in R. Symmetrically, we add to
G each parent nodes of R that has no cor-
responding parent nodes in L. All remain-
ing parent nodes of GG are preserved. Thus,



roughly spoken, the derived graph H is
constructed as H = G—(L—R)U(R—L).
The context graph D is obtained from G
by deleting all parent nodes of G which
have a pre-image in L, but none in K.
Roughly spoken, D can be constructed as
D = G — L+ K. For example, a corre-
sponding direct derivation obtained from
the TG-production of figure 2(b) for a base
node t applicable to a typed graph G of
figure 2(a) is shown in figure 4.
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Figure 4. DPO direct derivation diagram
3 TGG Tool for Image Synthesis

In this section three different proposed
methods for generating fractal images are
described. The three methods depend on
the graph production and the DPO con-
struction for a given base node of a la-
beled typed graph G discussed in section
2. In principle, graph grammars have sev-
eral degrees of freedom: in particular, the
resulting labeled typed graph after some
applicable production, the sequence of di-
rect derivation or the number of deriva-
tions could be selected for display via the
distribution of the parent nodes in G. On
the other hand, the procedure for generat-
ing fractal images are given as an iterative
mapping function from pixel coordinate
on the screen to pixel color. Therefore,
the relationship between the graph gram-
mar and the generated images is to search
for a given labeled typed graph for two
functions ¢g; and gy such that ¢; is a map-
ping from the spatial coordinates (x,y) on

some region D on the screen to the initial
labeled typed graph Gy then, after some
direct derivation of a TG-production, the
function g, maps the obtained labeled
typed graph G into a color C(z,y). For
each of the three proposed methods, we
will discuss some suggested rules for such
mapping functions.

3.1 Suggested Synthesis Rules

To map the space of pixel coordinates
(x,y) onto the space of labeled typed
graph we need mapping functions g1 :
N2 — N™ and ¢, : N™ — N? where,
m is the number of mother nodes in the
typed graph. We have tested two possible
classes of choices for g;:

e gl = Ao B, is the composition of
two functions say, A and B, where, A :
N? — N and B : N — N™. The function
A(z,y) is strongly characterizes the im-
age pattern, while B acts on colors. For
instance, B may be selected in such a way
as to put the same number of the parent
nodes in a labeled graph into each mother
node that is, B;(y) = y,j = 1,---,m.
The other case is to choose the function g,
as a projection function, that is g;(z,y) =
(,4,0,0,--+). This means that in order
to obtain the initial labeled graph G|, the
values of the point coordinates are respec-
tively assigned as connecting parent nodes
to two mother nodes (called pixel nodes),
chosen from the m mother nodes.

e For the function g,, an RG B represen-
tation of colors is chosen, gy : N™ — N3,

where we map the connected parent nodes
of three selected mother nodes into RGB
color components respectively.

3.2 GG-escape-time Filter Method

The escape-time algorithm was originally
developed as a method for visualizing the
dynamics of complex quadratic fractals.
It consists of testing how fast points z
outside the attractor diverged to infinity
while iterating in the complex plane the
function:

f(z)=2"+c¢ (1)



where, ¢ is some constant. Given an ini-
tial point 2y and a function f., the points
in the orbit (2, 29, ) are defined recur-
rently as:

zi = fe(zi1) (2)

By analogy with the escape-time algo-
rithm for generating both Julia and Man-
delbrot sets, the GG-escape-time method
assigns pixel colors on the basis of the
number of iterations of the graph gram-
mar derivation before a particular condi-
tion on the labeled typed graph is ful-
filled. The resulting image produced by
these method performs the same proce-
dure as the escape-time algorithm because
color counters indicate the time required
for the labeled typed graph derivation to
be terminated after some satisfied condi-
tion chosen on the parent nodes. As a ter-
mination condition we consider a bound-
ary value for a function (i.e. the sum
of parent nodes) of some output mother
nodes. In a similar way, GGy can be calcu-
lated from G; by simply moving the par-
ent nodes from the output mother nodes
into the input mother nodes and resetting
the others. The flowchart of this method
is given in figure 5.

Pixel coordinate (x,y)

Map Function g 1
Initial labeled typed
graph (Go)

Derived labeled typed
graph (Gp)

condition
Q

T

Map Function g 5

Color C Xy

Graph Grammar

Calculate Gy

Figure 5. GG-escape-time flowchart

Assume the monitor has a graphical
resolution a x b points and K colors
then steps for generating image patterns
of this method are given as follows:
Stepl (Initialization)

e Select some suitable attractor domain D
for drawing.

e Fix some number of iterations M,,.z.

e Fix the number of derivation sequence.

Step2 (Loop)

e For all pixels (i,j) in the domain D with
1=1—a,j=1—0 do the following:

e Calculate the initial labeled graph as
Go = g1(z, ).

e set the number of iteration n = 0.
Step3 (iteration)

e Construct the production p applicable
to a graph.

e Apply p on Gy to get G.

en=n+1.

Step4 (evaluation)

o If (not Q) and (n < My,q,) then calcu-
late Gy from GG; and go back to step 2.

e If (n = K) then choose the red as a color
¢, and goto step 5.

o If (Q) and (n < Mpa,) then calculate
color ¢ as

¢ = g2(n) and goto step 5.

Step5 (Color Assignment)

e Assign color ¢ to the pixel (i,7), and
goto the next pixel starting with step 2.

3.3 GG-Simple Filter Method

The mathematical principle behind the
generation of the fractal shapes involves
the iteration of algebraic transformation.
Consider a mapping 7" : R" — R" of n-
dimensional Euclidean space onto itself. If
x is a point in R", successive applications
of T define a sequence of points in R" as:
Top =,
ry =T(z),
vy = T(T(x), )
w3 = T(T(T(x))),- -

The result of such iteration ordinary de-
pends on the starting point z. When that
is the case points on R™ may be classi-
fied according to the results of such an it-
eration. Equation (3) forms a basis for
using graph grammar as powerful model-
ing tool for simulating such iteration via
the derived labeled typed graph process
of some base node. In this methods a
graph grammar is viewed as a black box
that evolves by moving the parent nodes
among the mother nodes: given an initial



labeled typed graph Gg it returns a de-
rived labeled typed graph G after some
DPO direct derivation construction dia-
grams is performed. In this case a pic-
ture can be thought as a mapping func-
tion from pixel coordinates on the screen
to pixel colors. Thus, the function g; maps
the pixel coordinates (z,y) to the initial
labeled typed graph Gy, and g, mapping
the resulting derived labeled typed graph
G into a color C(z,y). The flowchart of
such method is shown in figure 6.

Pixel coordinate (x,y)

Evolution
Map Function g 1

Map Function g 2

Derived labeled typed
graph (Gp)

H

Initial labeled typed
graph (Gg)

Figure 6 GG-simple method flowchart
The algorithm process is given as follows:

Stepl (Initialization)

e Select some suitable attractor domain
D for drawing.

e Fix the number of derivation sequence.
Step2 (Loop)

e For all pixels (x,y) in the domain D do
Step3 (Iteration)

e Calculate the initial labeled typed
graph as Gy = g1(x,y).

e Construct the production applicable to
a graph.

Step4 (Color Assignment)

e Assign color to the pixel (z,y) using
the final derived labeled typed graph G,
as: Color(z,y) = g2(G1).

3.4 GG-Chaos Filter Method

Fractals in general have an equally valid
existence as a limit of random processes.
The chaos algorithm generates a sequence
of points which fall onto or near the at-
tractor[15]. Mathematically, the chaos
process is described by an IF'S and the rate
of convergence of points towards the at-
tractor is determined by the contractivity
of the IFS mapping [8]. IFS is defined as a
pair {X;T,,n=1,2,--- N} where, X is
a complete metric space and each T, are

affine contractions. According to a theo-
rem by Hutchinson [17], there exists for
each IFS a single compact non-empty set
A, called its attractor. The attractor of
a random algorithm can be viewed as a
limit of a random process. It starts with
a point zy in a metric space X and gener-
ates a sequence of points as

T = (T3) (w1) (4)

where j is an integer from one to N cho-
sen randomly for each new point in the
sequence. In GG-Chaos filter method the
new points are calculated in terms of the
direct derivation of a TG-production for
a given base node instead of the contrac-
tion mappings {7},j = 1,2,---, N} of the
IFS. This method uses information de-
rived from the derivation of a graph gram-
mar in the generation procedure. Given
a labeled typed graph G, let the graph
grammar evolve by plotting a point on
the screen each time a derivation occur.
The coordinate of the points of the result-
ing image are calculated as a function for
the derivation of a given base node and
its color as a function of the resulting la-
beled derived typed graph. The algorithm
of such method is given as follows:

e Assign to each base node b a point
up = (xp,yp) in the plane which forms a
vertex of some regular polygon.

e Set some initial point py = (xo, Yo)-

e For some fixed number of times do

e Randomly, apply a corresponding
direct derivation for a base node b;, for
some k via a DPO construction.

e Calculate the pixel color from the
resulting labeled derived typed graph.
e Plot x = (uk +x0)/2, Y= (Uk +y0)/2.
e Set (zg,yo) to the new points: (i.e.
To =T, Yo = 1Y)

According to the above procedure, the
derivation is assigned to the spatial infor-
mation (i.e. pixel coordinates) and the
derived labeled typed graph to color in-
formation.



4  Experimental Results and Dis-
cussion

Image patterns and colors depend both on
the form of the labeled typed graph TG,
the upper bound for the number of deriva-
tion sequence set, the domain D for draw-
ing, and the class of mapping functions
used in the generation process. For in-
stance, the resulting images from the GG-
simple filter method are mainly affected
by the form of the typed graph T'G, and
dependent on the class of mapping func-
tion chosen for g;, where different class
of mapping chosen leads to different im-
ages. Geometric shape images have been
created by the GG-filter method. Fig-
ure 7(a) shows some generated image with
some chosen function for g;. Figure 7(b)
illustrates the case of choosing the func-
tion g; as a projection function. The cor-
responding T'GG for the two cases is given
in figure 8. For the GG-escape time filter
method, the resulting images are mainly
affected by the features of the typed graph
TG, the number of iterations, the domain
D for drawing, and the particular condi-
tion () chosen for the parent nodes. Since
infinity is always an attractor for escape-
time process, we set ourselves to the goal
of colors. The colors are to indicate how
long it takes a point (x,y) to escape to-
wards infinity. For these technical reason,
we choose red color to distinguish between
the escaping points from the non-escaping
points. Escaping points will assigned a
red color, while the non-escaping points
will assigned a color depend on the itera-
tion process. The process of our algorithm
is quite similar to the generation process
of the well known Julia and Mandelbrot
sets, but in our work we use graph pro-
duction, derivation and DPO construc-
tion instead of the original quadratic func-
tion used for image generation. By this
way we can generate unlimited class of im-
ages. A lot of concentric shape images can
be generated using our method. Figures
9(a) — (d) show some generated images for

such method with its corresponding TGG
given in figure 10. For the GG-chaos filter
method the resulting images are mainly
affected by the form of the typed graph
TG and the number of its base nodes
with the point coordinates assigned for
each one. Different point coordinates will
leads to different images. Many fractal
images can be generated by this method.
Figure 11(a) — (d) show some generated
images. The corresponding investigated
typed graph grammar T'GG with different
coordinate points assigned to each base
node is shown in figure 12. In principle,
investigating other typed graph grammar
with different features, and different coor-
dinate points assigned to each base node
will leads to other generated images.

(b) gl(x7 y) = (l', Y, O)
Figure 7. Some generated images by
GG-simple filter algorithm

by mp b

O—O0—0—0 —0

1 3
Figure 8. Corresponding T'GG for images
of figure 7



(b)

Figure 9. Some generated images by

GG-escape-time filter algorithm

b

O—

2

O—60—0—=0
m

3 4 m

5

Figure 10. Corresponding
TGG for images of figure 9.

(b)
Figure 11. Some generated images
by GG-chaos filter algorithm

Figure 12. Corresponding
TGG for images of figure 11.

5 Conclusion

In this paper we have presented a new
approach for computer image generation
using the algebraic approach of graph
grammar. Three proposed methods are
shown and discussed which exhibit a self-
similarity with fractal iteration principle
in escape-time algorithm and chaos game.
We regarded a graph grammar as a filter
for image generation via its graph produc-
tion, derivation and DPO construction.
In particular, we have shown how some
techniques, commonly used in practice for
fractal image generation, can be applied to
a powerful modeling tool like graph gram-
mar. The three methods proposed differ
from each other in the graph grammar fea-
tures displayed: the final labeled typed
graph after a sequence of direct deriva-
tion, the number of the base nodes in the
typed graph G and its TG-production ap-
plicable to G during a simulation. The



visual aspects of the resulting pictures are
not independent of the generation process,
which contributes to determine both pat-
terns and colors: geometric shape images
have been created by the GG-simple fil-
ter method, concentric shape images by
GG-escape-time filter method and fractal
images by GG-chaos filter method. Thus,
a visual translation of the evolution of a
graph grammar should reflect the behav-
ior of the graph itself and in that case
could be used as a new kind of analysis
method. Further research effort is needed
to derive more classes of images and to
carry out a deeper analysis of the relation-
ships between images and graph grammar.
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